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Abstract 

A simple diffeomorphism invariant theory of connections with the non-compact 
structure group R of real numbers is quantized. The theory is defined on a four- 
dimensional 'space-time' by an action resembling closely the self-dual Plebahski 
action for general relativity. The space of quantum states is constructed by means 
of projective techniques by Kijowski T . Except this point the applied quantization 
procedure is based on Loop Quantum Gravity methods. 



1 Introduction 



General relativity (GR) expressed in the complex Ashtekar variables 2 is a diffeomor- 
phism invariant^ (background independent) theory of connections with SL{2, C) as the 
structure group. Canonical quantization of GR in these variables faces two serious 
obstacles related to the fact that SL{2,C) is non-compact and complex: 

diffeomorphism invariant theory of connections means a theory in a Hamiltonian form such that 
(j) its configuration space is a space of connections on a principal bundle P(S,G), where E is a base 
manifold, and G is a Lie group (i.e. the structure group of the bundle and the connections), (ii) there 
exist Gauss and vector constraints imposed on the phase space which ensures, respectively, gauge and 
diffeomorphism invariance of the theory 
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1. the non-compactness of the group makes the task of constructing the space of 
quantum states for the theory very difficult — by now to the best of our knowledge 
there is no satisfactory solution to this problem; 

2. the fact that SL(2, C) is complex implies the existence of some complicated con- 
straints called reality conditions |1] which have to be included in the structure of 
the resulting quantum theory but, again, by now it is not clear how this should 
be done. 

The only solution to these problems known nowadays consists in removing the prob- 
lems by removing its source, that is, the group SL{2, C): one formulates GR in terms of 
the Ashtekar-Barbero connection 5 whose structure group SU{2) is compact, thereby 
the space of quantum states can be easily constructed. Moreover, since the Lie algebra 
of SU{2) is real there are no reality conditions in this formulation. 

The above solution, however, cannot be considered as completely blameless. There 
are at least three reasons for that (see also 0): (i) the resulting quantum model i.e. Loop 
Quantum Gravity (LQG) lacks the Lorentz symmetry which was broken in a non-natural 
way while passing from the SL{2, C)-connection to the SU(2) one; (ii) the passage 
between the connections is not unique — it depends on so-called Immirzi parameter jj], 
which at the classical level labels a family of canonical transformations and thereby is 
physically irrelevant. It turns out, however, that there is no unitary implementation of 
these transformations at the quantum level. Thus one obtains a family of inequivalent 
models of LQG depending on the parameter. In particular, black hole entropy derived 
in LQG framework is known modulo the value of the parameter appearing as a factor 
in the formula describing the entropy [HI; (Hi) the scalar constraint of GR expressed in 
terms of the S'C/(2)-connection is much more complicated than one written in terms of 
5L(2,C) one (see e.g. [Hj). Consequently, the resulting scalar constraint operator ^01 
is given by quite complicated and implicit formulae; there is a hope that applications of 
the SL{2, C)-connection can simplify the form of the operator. 

Thus one cannot say that there is no need to look for solutions of both non- 
compactness and reality conditions problems. 

In our previous paper j^j we discussed some attempts to construct a space of quan- 
tum states for a theory of connections with a non-compact structure group i.e. attempts 
to solve the non-compactness problem. We concluded there that slight modifications of 
the construction known from the compact case may be insufficient to obtain a satis- 
factory result in the non-compact one. Thus to solve the problem one needs rather a 
radically different idea. 

Such an idea was presented by Jerzy Kijowski in his review J2] on this author's 
Ph.D. thesis and was originally applied by him more than 25 years ago as an element 
of a field theory quantization procedure — a procedure which does not depend either 
on the curvature of space-time or its global structure (in there was quantized a 
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scalar field theory, for an application of the idea to electrodynamics see \1'6\). Before 
we will describe the idea in details let us say briefly that it consists in using projective 
techniques to built the space of quantum states instead of inductive ones which are used 
in the compact case. 

The goal of this paper is to apply the Kijowski's proposal to quantization of a 
diffeomorphism invariant theory of connections with a non-compact structure group. 
However, because of the lack of any experience with quantization of theories of this sort 
we do not dare to apply it to GR right now. Instead we will find a very simple 'toy 
example' of such a theory and will quantize it combining the Kijowski's idea with the 
standard methods of LQG. 

Let us emphasize that in this paper we do not present any ideas which could solve 
the problem of reality conditions. 

The paper is organized as follows: Section 2 contains the definition and brief descrip- 
tion of the (classical) 'toy theory', Section 3 is devoted for quantization of the theory, 
while in Section 4 we present a discussion of the results obtained in Section 3. Before we 
will turn to the definition of the 'toy theory' let us first describe reasons for which the 
present LQG methods fail in the non-compact case and present the Kijowski's proposal. 

1.1 Failure of inductive techniques in the non-compact case 

The canonical quantization procedure providing the LQG model can be easily general- 
ized (as it was done in ^) to one applicable to any diffeomorphism invariant theory of 
connections with a compact structure group. However, this general procedure has not 
been extended yet to one applicable to theories with non-compact structure groups. The 
reason is that in order to build the space of quantum states the procedure employs some 
inductive techniques which do not work well when the structure group is non-compact. 
Now we are going to describe the problem in details^. 

Let us consider then a theory (with local degrees of freedom) of connections with a 
(compact or non-compact) structure group G. Clearly, such a theory possesses an infinite 
number of degrees of freedom — the configuration space is the infinite dimensional space 
A of the connections defined on a spatial slice S of the spacetime underlying the theory. 
Our task now is to find the space of kinematic^ quantum states for the theory. Because 
of complexity of the configuration space we proceed in two steps: first (i) we reduce 
the number of degrees of freedom to a finite one obtaining a reduced configuration space 
and construct the space of quantum states for this case, then (ii) we combine the spaces 

■^For an equivalent description in terms of measures on the configuration space of (generalized) con- 
nections see 

^The term 'kinematic' refers here to the fact that in general the quantum states we are going to 
construct cannot be called physical since we expect the existence of some constraints — the physical 
quantum states are supposed to be extracted from kinematic ones by the Dirac procedure. 
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obtained in the first step into the desired space of quantum states of the full theory. 

The reduction of the infinite number of the degrees of freedom proceeds as follows 
(for more details see e.g. ^1 [H]). One fixes a (finite) graph 7 embedded in S and 
defines the following equivalence relation on A: connections Ai,A2 G A are said to be 
equivalent, Ai ~^ A^, if for every edge e of the graph 7 

he{Ai) = he{A2) 

where he{A) is the holonomy of (i.e. parallel transport defined by) the connection A 
along e. Then 

A^ := A/ r^j (1.1) 

is a finite dimensional space considered to be a reduced configuration space. An impor- 
tant fact is that A^ is a manifold isomorphic to iTSJ , where is the number of the 
edges of 7, hence A-y is (non-) compact if and only if G is (non-) compact. Now, the space 
7^^ of kinematic states for the reduced case is the Hilbert space 

L^{A^,dfi^), (1.2) 

where dfj,^ is a measure on A^ induced by the Haar measure on the corresponding G^ . 
Thus the first step of the procedure is done. 

Let us now consider the second step. An important fact here is that (under some 
technical assumption) graphs embedded in S form a directed set (Gra, >). Thus the 
family {Ti^y} of the Hilbert spaces is labeled by the directed set and it is very tempting 
to endow the family with the structure of an inductive fam,ily for the inductive limit 

H:=limH^ (1.3) 

of such a family would also be a Hilbert space which could serve as the space of kinematic 
quantum states we are looking for. In order to transform the family {H-y} into an 
inductive one we have to define, for every pair 7' > 7, a linear map p^i^ : Ti-y Tiy 
preserving the scalar product. Moreover, for every triple of graphs such that 7" > 7' > 7 
the corresponding maps have to satisfy the following consistency condition: 

So far we know how to construct the embeddings {p^'^} only in the case when the 
structure group G is compact. In a particular case, when 7' = 7 U 70 > 7 and 7, 70 do 
not have common edges the embedding p^i^ is of the following form: 

9 ^' py^^' := ^' / G Wy, (1.4) 
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where I is a constant function on A'y^ equal 1. The definition of py^ is correct because 
(i) Ay = A'y X A^^ and (ii) function ^ (g) / is square integrable on Ay for the space is 
compact. 

It is clear now that in the case of a non-compact structure group this construction 
has to break down since the function / is not square integrable any longer. The question 
now is whether we can use any other function instead of /. 

Consider then a graph 7 and edges {ej} {i = 1, 2, 3) such that 63 = ei o 62 (where 'o' 
means the composition of the edges) and PI 7 = 0. Denote 

7. := 7 U ei. 

Let 73 be a graph obtained from 73 by splitting the edge 63 into ei and 62 or equivalently 
by adding the edge ei to 7 in the first step and by adding the edge 62 to the just obtained 
graph 71 in the second one. Since the directing relation on the set Gra is defined in such 
a way (see e.g. |^) that 73 > 7j > 7 the two equivalent ways of defining the graph 73 
give rise to 

^7^73 ° ^^737 = ^^7^71 ° ^^717 (l-^) 

Let 

where ^'j 7^ are square integrable functions on A^e-y = G. We usually use derivations 
to define some operators (like e.g. area operator ^Sj) on the space of quantum states. 
Because of that it is reasonable to assume that the functions {^i} are also smooth. By 
employing some methods commonly used in LQG (see again (HI) one gets from (|1.5j) 

^3(5i<?2) = ^1(51)^2(52)- (1.6) 

However, we can assume now that the edges {cj} are pairwise diffeomorphic. Since 
our goal is the space of quantum states equipped with an action of diffeomorphisms 
of S on it it is difficult to avoid assumption that ^1 = ^2 = ^3- This conclusion 
and Equation mean that ^'3 defines a smooth homomorphism from G into the 

commutative multiplicative group C \ {0} that is, a representation of G on C. Now one 
can show that if G is semi-simple (like e.g. SL{2,C) or SU{1,1) appearing in 2 -|- 1 
gravity) then the representation has to be trivial which means that ^'3 = /. 

It seems then that if we insist to construct the space of quantum states via the 
inductive techniques we have to use the function I, which means that the measure dfi^ 
has to be (proportional to) a probability measure on A-y. The problem is that by now 
nobody was able to show that in the non-compact case {i) there exist (probability) 
measures {d/iy} on {A-y} such that they would provide us with a space of quantum 
states equipped with a non-trivial (and unitary) action of Yang-Mills gauge group and 
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the diffeomorphism group, which are symmetries of GR and that (ii) there is a unique 
(or at least 'natural') choice of such measures. 

Thus, in the (most interesting for us) case of semi-simple non-compact structure 
groups, we cannot use the inductive limit to 'glue' the spaces {H-y} into the desired 
Hilbert space'*. 

1.2 Projective techniques 

The cornerstone of the Kijowski's proposal is the relation between graphs 7' > 7 seen as 
the relation 'system-subsystem'. Once 7 is recognized as a subsystem of 7' the validity 
of application of the inductive techniques to the construction of the space of quantum 
states becomes not so obvious as before. Moreover, this new point of view suggests 
strongly that projective techniques should be used instead of the inductive ones. Ki- 
jowski explains his point of view as follows (12j : 

"(...) to construct^ the Hilbert space by the inductive limit means to as- 
sociate in a unique way every state of a subsystem (a small graph) with a 
state of a system (a large graph). This is not a natural procedure: in order 
to define such an embedding we have to choose arbitrarily a physical state 
corresponding to those degrees of freedom of the large system which are ne- 
glected while defining its subsystem. If the configuration space encompassing 
all degrees of freedom is compact then the topology suggests a unique choice: 
the physical state should be described by a constant wave function on the 
neglected degrees of freedom. However, in a general case of a non-compact 
configuration space there is no natural choice of such a state^. Thus, in my 
opinion, one should try to base the construction on projective limits. From 
the physical point of view it means that we associate in a unique way every 
state of the system with a (mixed, in general!) state of its subsystem — the 
latter state is obtained by 'forgetting' about the neglected degrees of free- 
dom. Such a 'forgetting' operator is well defined and it was introduced for 

turns out that in the non-compact case it is possible to use an orthogonal sum to 'glue' the spaces 
{Ti-y} |17) into a large Hilbert space, but then there exist obstacles pT) which do not allow us to define 
any acceptable representation of classical observables on the large Hilbert space. 
^The original text in Polish was translated into English by this author. 

®This statement is, in fact, very important since it gives the most general argument against applying 
inductive techniques in the non-compact case. Recall that in the previous subsection we showed that 
inductive techniques require the constant function on the structure group to be square integrable. This 
conclusion is not general, since it is based on the assumption that an edge can be expressed as a 
composition of two other edges. If one drops this assumption (e.g. by using so-called almost analytic 
loops introduced in Subsection 13.3. it then there is no way to get Equation 111.611 which is indispensable 
for the conclusion. 
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the first time in the well known analysis of the Einstein-Rosen-Podolsky 'ex- 
periment': a mixed state of one particle is obtained here from a two-particle 
state by 'forgetting' about the other particle. This procedure matches our 
basic physical intuition concerning the relation 'system-subsystem'." 

This suggests the following strategy of constructing the space of (kinematic) quantum 
states for a theory of connection with any (compact or non-compact) structure group: 
(i) given graph 7, define the space of mixed states as the space of density matrices on 
the Hilbert space TY^, next {ii) by defining appropriate projections tt^i^ : (i.e. 
'forgetting' operators) endow the set {V^} with the structure of a projective family and, 
finally, {in) define the desired space V of kinematic quantum states as the projective 
limit of the family. 

Note that the resulting space V of quantum states is not a Hilbert space — it is a con- 
vex set and can be interpreted as a space of mixed states of the quantized theory, while a 
Hilbert space would represent pure states only. Moreover, it is possible to construct a 
C*-algebra such that elements of V define positive linear functionals on it, that is, states 
in the algebraic sense. Therefore it is natural to interpret the algebra as an algebra of 
quantum observables. Consequently, application of the Kijowski's projective techniques 
results in a quantum theory consisting of the C*-algebra of quantum observables and 
the space V of states on the algebra without any Hilbert space corresponding to the two 
ingredients. 

2 Classical theory 

The present section is devoted for the definition and brief description of a classical theory 
of connection with a non-compact structure group — this theory will be quantized in the 
sequel of the paper. Since we do not have any experience in quantizing theories of this 
sort we would like to find a very simple example of such a theory. On the other hand, 
we would like to deal with an example related to general relativity (GR) as closely as 
possible. To satisfy the former wish we will choose a theory whose structure group is 
the group M of real numbers which seems to be the simplest non-compact Lie group. 
To fulfill the latter one we will define the theory by means of an action resembling the 
Plebahski action for GR. 

We will begin this section by introducing the Lagrangian formulation of the theory. 
Then, since the quantization procedure we are going to apply is closely related to canon- 
ical quantization, we will describe the Hamiltonian framework of the theory including 
the algebra of constraints. Finally, we will briefiy compare the theory to GR. 
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2.1 Lagrangian formulation 



Let us consider a trivial principle bundle P := A4 x M, where the set R of real numbers 
equipped with the addition plays the role of the (non-compact, commutative) structure 
group of the bundle, and the base manifold A4 is 4-dimensional and real-analytic. We 
assume also that there exists a 3-dimensional real analytic manifold S such that A4 = 
E X M. 

Let A be a connection on the bundle P. Clearly, it can be represented by a real 
one-form on A4, which will be denoted by A also. Consider now a theory, called in the 
sequel the 'toy theory', given by the following action 

S[A,a,^:= I a AF- i^-o- Act, (2.1) 

where F = dA is the curvature of the connection >1, cj is a two-form on Ad valued in 
the Lie algebra of M (which will be naturally identified^ with M) and ^' is a real valued 
function on the manifold. 

2.2 Hamiltonian formulation 

The action (|2.1j) can be expressed as 

If 1 

S = - I {(JapF^y - -^'o-Q./jiT^j,) dx" A dx^ A dx^ A dx"" = 
4 Jm 2 

= 7/ {<yapF^u-]:^<yap'y>.ure''^^''dx\ 

where (x"), (a = 0,1,2,3) are (local) coordinates on A^, and i'^f^^'^ is the Levi-Civita 
density on Ai. Taking advantage of the assumption = S x M and treating S as 
a 'space-like' slice of Ai and M as a 'time' axis we assume that the coordinates (x*) 
(i = 1, 2, 3) are (local) coordinates on S, while x^ = t is a coordinate on M. Then 

S = [ dt [ dx^ [&Ai - {-Aodi& - l-aoii'^'^Fjk + 2^ao^E% (2.2) 

where Ai := dtAi, e^^^ := gOufc jg ^^^^ Levi-Civita density on E and 

&{t,x'):=^e'^%k{t,x') (2.3) 

is, for every fixed t, a vector density on E. 

'^In this case the map exp from the Lie algebra into the group R is a bijection which provides us with 
the identification. 
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Thus we obtain a Hamiltonian 

H[E\Au Ao, aoi, = " ^ dx^ i^odiE' + ^aoii'^'^F.k - 2^ao^E'). (2.4) 

It follows from (|2.2j) that E^{t,x^) is the momentum canonically conjugated to the 
configuration variable Ai{t,x^) as a M-connection on S (i.e. a connection on the trivial 
principle bundle S x M), while the variables Aq, aoi and ^ are just Lagrange multipliers. 
Thus the phase space of the theory is 

r :=£ xA, 

where £ is the space of all vector densities on S and A is the space of all M-connections 
on S. The Poisson bracket between a pair (^, C) of functions on the phase space is of 
the standard form 

|. a - f dx' (2 5) 

- j^dx 5&(x)5A,{x))- ^'-'^ 

Evidently, the Hamiltonian 1)2. 4|) is a sum of constraints. One of the constraints 
turns out to be easily solvable. Indeed, the variation of the Hamiltonian with respect to 
^ gives us 

<yo^& = 0. 
The general solution of the equation is 

(Toi = -'iijkN^E'', 

where ^^iijk is the Levi-Civita density on S of weight —1, and N^{t,x^) is, for every 
fixed t, a vector field on S. Setting the solution to 1)2. 4|) we obtain 

H[E\ Ai,Ao, N'] = - [ dx^ {Aodi& + N'&F,,), (2.6) 

where is a Lagrange multiplier, Fij is the curvature two-form of Ai while the role of 
the other variables remains unchanged. 

The quantization of the 'toy theory' will be based on the Hamiltonian 1)2. 6|) . 

2.3 Constraints and gauge transformations 

The Hamiltonian 1)2. 6(1 is a sum of the following constraints: 

CGiE\A,):=d.E\ 
Ck{E\Aj):=&Fky 
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In canonical theory constraints play a double role |18;: (i) they define a physical subspace 
of the phase space of the theory and (ii) generate gauge transformations on the phase 
space. Here the physical subspace is given by the equations 

CGiE\Aj) = 0, and CkiE\Aj) = 0, (2.8) 

which possess the following large class of solutions 

{i&iA,,g),A,)} (2.9) 

where 

E'{A„g)=ge'^'^F^k, (2.10) 
and g is a smooth function on S such that 

e^'T^kd^g = 0. (2.11) 

It is easy to give a natural interpretation for the gauge transformations resulting 
from the constraints ()2.7|) if they are combined into functions 

Cci^) := j dx^nCGiE\Aj), (2.12) 

CDiff(iV) ■■= J^dx^ [N'Cki&^Aj) - {N'Ai)CGiE\Aj)]. (2.13) 

Then the gauge transformation are described by the following differential equations, 
respectively, 

^Ai = {Ai,CGm} = -din, 

ar 

^E' = {E\CGm} = 0. 



and 



d_ 

dr 
d_ 

dr 



A = {Ai,Cj,ifiiN)} = {C^A)i, 
& = {E\Cy,,s{N)} = {C^E)\ 



where denotes the Lie derivative along the vector field N. Integrating the above 
formulas we obtain, respectively, 

ylM=^-d(rO), M^^=E, (2.14) 
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and 



(2.15) 



where Xt is an element of the one-parameter family of diffeomorphisms on S generated 
by the vector field N . We easily recognize the former transformations as a Yang- Mills 
gauge transformation generated by the function : S — > M , and the latter ones — as 
an action of the diffeomorphism. Thus it is justified to call Cq{VI) the Gauss constraint, 
and CDifr(-^^) — the diffeomorphism one. 

The Poisson bracket ()2.5() between functions H2.12() and H2.13() are of the following 
form 

{CG(O),CG(f^')} = CG([f^,f^'])=0, 

{CG(f^), CDifr(iV)} = -Cg{C^^), (2.16) 
{CDifT(iV),C7Diff(M)} = CDifr([iV,M]), 

where the symbol [fi, Vt'\ should be understood as follows: both functions $7, 17' are 
valued in R identified with the Lie algebra of the Lie group M. [17, 17'] is a real function 
on S such that [17,r2'](x) = [r2(a;), r2'(x)] ®. This means that the constraints are of 
the first class and, for the Hamiltonian is the sum of the constraints, each of them is 
preserved by the time evolution. 

Let us finally comment on the physical degrees of freedom of the 'toy theory'. Before 
the constraints (|2.8() are solved there are 6 degrees of freedom per point in S. Since 
there are 4 constraints then taking into account the gauge transformations the number 
of true physical degrees of freedom seems to be reduced to 6 — 2 • 4 = —2 per point 
which sounds worrisome^. A more detailed analysis (see Appendix^ shows however, 
that the 'toy theory' possesses an uncountable number of physical degrees of freedom 
(the conclusion is true at least in the case when S = M'^). 

2.4 The 'toy theory' versus general relativity 

The form of the action ()2.1|1 is fully analogous to the form of the well known Plebahski 
self-dual action [T^ : 

S[A^B. S^B, ^abcd] = I A Fab - ^'^abcd A S^^, (2.17) 

Jm ^ 

where F^b (the index^'' ^ = 0, 1) is the curvature form of an SL(2^ C)-connection A'^b 
on T,^B is a two-form valued in the Lie algebra of SL{2, C), and ^abcd = ^{abcd) 

^Of course, the function [Q,, Q'] is automaticly equal to 0. We have introduced the notation merely 
to make easier the comparison between the 'toy theory' and gravity (see Subsection 12.411 . 

^This issue, overlooked originally by this author, was pointed out to him by Prof. Abhay Ashtekar. 
^"To raise and lower the indices one uses the antisymmetric bilinear form eas- 
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is a symmetric spinor field on the manifold. Performing the Legendre transformation 
and solving the constraint 



^(AB^iCD)_n, BiA ._ -ijksn A 
^Oi — h B ■— (- i-'jk B 



one obtains a Hamiltonian [IJ 1^0] : 



L 



dx^ T¥[ Ao(A^') + N^'&Fij + -^NE'&Fij], (2.18) 



where 




(2.19) 



The canonical variables are the SL{2, C)-connection A s on S as the configuration 
variable and the vector density E''^b valued in the Lie algebra of SL{2,C) as the mo- 
mentum, while the time component Aq^b of the connection form A^b, the vector field 
A^* on S and the density on S of weight —1 are Lagrange multipliers. 

The differences between the forms of the Hamiltonians ()2.6|) and 1)2. 18(1 originate 
merely in the differences between the structure groups M and SL{2,C): 

1. because the group M is one dimensional there is no need to use the symbol Tr in 



2. in (|2.18|) we have the covariant derivative DiE^ given by (|2.19)) . while in (|2.6)) 
there is only the partial one diE^. The covariant derivative guarantees that the 
term Tr[Ao(-Dj£'*)] is invariant under SL{2,C) Yang-Mills gauge transformations; 
in the case of the 'toy theory', due to the commutativity of R, the Yang- Mills 
transformations act on E^ as an identity map (see the second equation of 1)2.14(1 ) 
and therefore the partial derivative is sufficient for ylo(5j£^*) to be gauge invariant. 

3. the gravity Hamiltonian differs from (|2.6|) by the scalar constraint 



However, the Hamiltonian (|2.6|) can be harmlessly complemented by the analogous 
term for, in the case of the group M, 



In other words, in the 'toy theory' the scalar constraint vanishes automatically by 
virtue of the commutativity of the structure group. 



(|TT)1) 




E'E^Fii = 0. 
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Let us remark finally on the constraint algebras of both theories. The constraint 
algebra of canonical general relativity derived from the Plebahski action is generated by 
the Gauss, diffeomorphism and scalar constraints and possesses a subalgebra generated 
by the Gauss and diffeomorphism ones (see e.g. |^). The subalgebra turns out to be 
described by formulas fully analogous to those describing the constraint algebra (|2.16j) 
of the 'toy theory'. 

Thus the 'toy theory' can be thought as an 'extremely simplified model of general 
relativity'. 

3 Quantization of the 'toy theory' 

Combining ideas of with the methods of LQG we propose the following sequence of 
steps as a strategy of quantization of the 'toy theory': 

1. first, we will introduce a method aimed at reducing the degrees of freedom of the 
theory. 

(a) we will begin by constructing a Lie algebra of elementary classical variables 
obtaining as a result the so-called Ashtekar-Corichi-Zapata (ACZ) algebra 
21 consisting of some (Yang-Mills gauge invariant) functions on A and 
'momentum' (flux) operators. This algebra will correspond to Yang-Mills 
gauge invariant functions on the phase space V = S x A the theory and 
will encompass all relevant degrees of freedom. 

(b) the reduction will consist in distinguishing a subalgebra 21a C 21 generated 
by some smooth functions on a reduced configuration space A^ and some 
'momentum' operators {A^ will be defined analogously to the reduced con- 
figuration given by We will call the algebra 21^ a reduced 
classical system. 

The result of this step will be a family {2lA}AeA of reduced classical systems labeled 
by a directed set (A, >). 

2. in this step we will define the relation 'system-subsystem' among members of the 
family {2tA}AGA: we will observe that if A' > A then 21a C 21 a' and consequently 
we will call 21a a subsystem of 21 a' . This step will also contain a detailed analysis 
of the relation whose conclusions will be necessary for the further steps of the 
procedure. 

3. then we will quantize canonically every system 21a obtaining a quantum system 
5a which should be considered as a 'reduced' quantum 'toy theory'. This step will 
be done as follows: we will extend the Lie algebra 21a to an operator *-algebra 21a j 
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then we will define a representation of 21a on a Hilbert space 7i\^ whose vectors 
will represent pure states of S\. This will provide us with a space T>x of mixed 
states of the quantum system represented by density matrices on T-L\. By the 
very construction, the states in T>x will be invariant under the Yang-Mills gauge 
transformations; 

4. next, we will organize the systems {S\} into a large quantum system S corre- 
sponding to the infinite dimensional phase space V divided by the Yang-Mills 
gauge transformations (|2.14|) : 

(a) for every pair A' > A we will construct a projection tt^a' : T^x' T^x (that 
is, the 'forgetting' operator) promoting the family {T>\\ into a projective one 
{I?Aj ttaa'}- The projective limit V of the family will give us the desired space 
of (Yang-Mills gauge invariant) quantum states for the large system S; 

(b) given A, elements of Vx define positive linear functionals on the C*-algebra 
B\ of bounded operators on TLx This implies the existence of dual maps 
vr^^, : Bx Bx' such that {Bx-,t^*xx'} inductive family. Its inductive 
limit B will play the role of the algebra of quantum observables, which can 
be evaluated on the states in D. 

Thus the quantum system S will consist of the space T> and the C*-algebra B. 

5. finally, we will show that there exist an action of the diffeomorphisms of S on the 
space T) which naturally corresponds to the action (|2.15|) of the diffeomorphism 
constraint on the phase space. The space of physical states of the 'toy theory' 
will be defined as the set of diffeomorphism invariant elements of T>. The result 
of this step will be a quantum system 5ph := {Vp^,B) considered as the quantum 
'toy theory'. 

Let us emphasize once again that the quantum 'toy theory' will consist merely of 
the C*-algebra B of quantum observables and the space Pph of diffeomorphism invariant 
states on it without any Hilbert space. 

In fact, this strategy will split into two non- equivalent quantization procedures — 
it turns out that in the particular case of the 'toy theory' the algebras {21a} i-e- the 
reduced classical systems can be defined in two different ways: they can be obtained 
by reduction of either (i) only configuration degrees of freedom or {ii) both momentum 
and configuration ones. In the first case the algebra 2tA will describe infinite number 
of degrees of freedom, while in the second one — finite one. Consequently, the resulting 

^^TDx does not coincide with the space of all states on B\, however the states in Vx separate points in 
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quantizations will be called, respectively, infinite system quantization (ISQ) and finite 
system quantization (FSQ). 

ISQ turned out to be simpler that FSQ. This is why while performing each step 
of the quantization procedure we will describe ISQ before FSQ (thus while first-time 
reading the reader can easily focus his/her attention on ISQ or even skip FSQ). 

3.1 Step 1: Reduction of degrees of freedom 

To obtain the full information about a field configuration we need to measure an infinite 
number of quantities corresponding to the degrees of freedom of a theory, hence we need 
an infinite number of measuring instruments. Thus, in general, the reduction of degrees 
of freedom is performed by restricting oneself to some (usually finite) number of the 
instruments. Let us then begin Step 1 of the quantization procedure by defining the 
instruments. 

3.1.1 Measuring instruments 

Let if and h be instruments which can be used to measure values of the fields, respec- 
tively, E and A on E. We assume also that the instruments are imperfect in the sense 
that their sensitivity varies from point to point — the numerical values of corresponding 
measurements are given by 

ip{E) = [ E\i and h{A) = [ Ai h\ 

where ^pi is a differential one- form (in general, valued in distributions) on S, and /i* is a 
vector density (also valued in distributions, in general). 

The class of instruments, as defined above, is too broad for quantization of our theory. 
Following LQG methods |22| I16| I21j we restrict ourselves to instruments described by 
the following formulas 

^sj{E) = [ *Ef, 

7 (3.1) 
hi{A) = J A, 

where 5 is a (bounded) oriented surface (two-dimensional submanifold) in S, *E is a 
two-form on S defined by the Levi-Civita form ^^iij^ of weight —1, 

*E := & '^iijkdx^ Adx'', 

/ is a real (smooth) function on S, and / is an oriented loop embedded in S. The 
quantities ipsj{E) and hi{A) are nothing else but, respectively, a flux of the field E 
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across the surface S ^Hl and the holonomy of the connection A along the loop I 
The latter one obviously satisfies 

hioi' =hi + hi' (3.2) 

where / o /' is the composition of the loops / and /'. 

It turns out that, in order to force the quantization machinery to work, we have to 
impose some rather technical assumptions on the manifold S, the surface and the loop. 
We assume then that 

1. S is a real analytic manifold; 

2. the surface S is an analytic submanifold of S; 

3. the loop I is piecewise analytic and bases at an arbitrary but fixed point^^ y gT,. 

These assumptions are common in the LQG literature (see e.g. |15[ 1161 OT] ^ — they will 
allow us to define the ACZ algebra 21. However, the ISQ procedure will require some 
stronger assumptions which will be imposed on the measuring instruments later on. 

One can easily realize that two different loops can define the same instrument h. To 
obtain an unambiguous labeling of this sort of instruments one introduces the notion of 
a hoop pS| • Denote by hy the set of all piecewise analytic loops based at y and consider 
the set of the instruments {hi} given by all the elements of L^. Now, two loops /, /' € l^y 
are said to be holonomically equivalent, I ~ l\ if and only if for every connection A € A: 

hiiA) = hi>{A). 

Denote by / the equivalence class of loop / and call it a hoop. The set of all hoops 

ng := \.yi ~ 

is an Abelian group called the hoop group with the group action given by 

[op = llTl', 

where Z o Z' is a composition of the loops / and Clearly, there is one-to-one correspon- 
dence between elements of HQ and the instruments {hi}. Since now we will then use 
the symbol h^ = hi also. 

Note finally that all the measuring instruments under consideration produce Yang- 
Mills gauge invariant outcomes which easily follows from 1)2.14(1 — this is a reason why 
we have used loops to define the instrument {hi} instead of edges. 

^^As it will be shown later, no particular choice of the point y effects the quantization procedure (see 
the discussion at the beginning of Subsection I3.6|l . 
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3.1.2 ACZ algebra 



In the present subsection we are going to define the algebra of elementary variables 
encompassing all the (Yang-Mills gauge invariant) degrees of freedom. From the tech- 
nical point of view our task consists merely in adapting the original construction of 
ACZ-algebra PT| to the 'toy theory'. 

Obviously, what we call measuring instruments are nothing else but functions on the 
phase space of the 'toy theory'. Therefore we can calculate a Poisson bracket between 
the instruments |21l I16j : 

{hij,hij} = = Wsi,fi,^Sj,fj}, (3.3) 
Wsj,hi} = -^, (3.4) 

where / is a real number (a method of finding its value will be presented below). Let 
us also emphasize that the vanishing of the Poisson bracket between ^Sjjj find ^Sjjj 
(Equation 1)3. 3(1 1 is not a naive conclusion drawn from the fact that both functions 
depend only on the momentum variable E — the vanishing of the bracket is implied in 
fact by the commutativity of the structure group M as it can be shown by means of a 
rigorous method developed in [2^ (see also the remark below Definition 13. 5|) . 

To obtain the number / we subdivide the loop I on a finite number of connected 
and oriented segments (the orientation of the segment is inherited from the orientation 
of the loop) such that each segment is either (i) contained in S (modulo its endpoints) 
or (ii) the intersection of the segment with S coincides with precisely one endpoint of 
the segment or (iii) the segment does not intersect^^ S. Let 

k 

where {yk} are all the intersection points between S and those segments of the kind {ii) 
which either are 'outgoing' from S and placed 'above'^^ the surface or are 'incoming' to 
S and are placed 'below' the surface. Similarly, 

n 

where {y-n} are all the intersection points between S and those segments of the kind {ii) 
which either are 'outgoing' from S and are placed 'below' the surface or are 'incoming' 

^''The subdivision is possible thanks to analyticity of I and S — if the loops and the surface were only 
smooth they could have an infinite number of intersection points which would make the bracket 13.411 ill 
defined. 

^■*The term "above' ('below') the surface' refers to the orientation of S. 
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to S and are placed 'above' the surface. Then 

/:=/+-/-• 

Now we are going to define a kind of cyhndrical functions, which will be used to 
define the ACZ algebra 21. Let us begin by recalling the definition of a tame subgroup 

ofng nnnn. 

Definition 3.1 A finite subset C = {/i,... ,1m} o/ Ly is called a set of independent 
loops if and only if (i) each loop Ij contains an open segment which is traversed only 
once and which is shared by any other loop at most at a finite number of points and (ii) 
it does not contain any path of the form e o where e is a piecewise analytic path in 
S. 

Let £ = {?!,..., be a set of independent loops. A subgroup C of the hoop group 
HQ generated by hoops {h, . . . , Im} is said to be a tame subgroup of HQ. In the sequel 
we will also say that the group C is generated by the loops C which is not too precise but 
convenient. Given tame group C, there exist in general many holonomically inequivalent 
sets of independent loops such that each of them generates C 

Given tame subgroup C, we define the following equivalence relation on the space 
A of the M-connections on S: we say that connections Ai,A2 € A are equivalent, 
Ai ~^ A2, if and only if 

h^iA,) = hi{A2) 

for every hoop I G C Then 

is a finite dimensional space. We will denote by pr^ the natural projection from A onto 

A^^T~^{A):=\A\ (3.5) 

where [^] is the equivalence class of the connection A. Evidently, the space A^^ is an 
analogue of the reduced configuration space A^ ()1.1|) considered earlier. The following 
lemma describes properties of Aq^. 

Lemma 3.2 Suppose that C is generated by independent loops C = {li, . . . , Im}- Then 
the map 

A^ 3 [A] ^ Ic{[A]) := {hi,{A),..., hi^^{A) ) G M*^ (3.6) 

is a bijection 115\/ which equips A^ with a structure of a linear space. A linear structure 
on A^ given by a map Ici, where C is another set of independent loops generating 
L, coincides with that defined by £ i.e. the map Ic o I^/ : M^^ is linear and 

invertible 111}/ . 
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Now we are going to recall the definition of Schwarz functions which will be used 
to define a kind of cylindrical functions. Let a denote a multi-label (ai, . . . such 
that every Oj belongs to No := {0, 1,2,...}. Given a smooth function ^/^ : — > C, we 
denote by a partial derivative 



where (xj) are the Cartesian coordinates on M^. A smooth function : ^ C is said 
to be a Schwarz function if and only if for every m G No and for every derivative D'^ip 



the limit limr^oo {D^ijj) r*" = 0, where r = xf. It is clear that Schwarz functions 

on M.^ form a *-algebra which will be denoted by Sat. 

We will also need another kind of functions defined on M^: 

Definition 3.3 We say that a smooth function if) : i— > C is a multiplier of the *- 
algebra Sn if and only if for every derivative D°^'ip there exist finite set {Pi,a, ■ ■ ■ , Pna,a} 
of polynomials on such that 



We will denote the set of all multipliers of Sat by Mat- It is a simple exercise to show 
that (i) for every Schwarz function ip on MJ^ and for every multipliers il)' of S^v the 
product ipTp' is again Schwarz function and {ii) Mjv is a unital *-algebra. 

Definition 3.4 The setCy\^ (Cyl^) of cylindrical functions (Schwarz cylindrical func- 
tions) compatible with the tame group C is the set of all complex functions on A of the 
form 

where tp is any element ofWl^ (Stv), pr^ is the projection p.Sf) andXc is the map (|3.6|) . 



By virtue of Lemma 13.21 the spaces Cyl^ and Cyl^ do not depend on the choice of the 
set C of independent loops generating the tame group C. Both spaces are *-algebras, 
and Cyl^ possesses a unit given by the function on of constant value equal to 1. 
Consider now a (complex) vector space Cyl spanned by all the cylindrical functions, 

Cyl := span{ Cyl^ \C(ing] (3.7) 
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and a set $ of all operators on Cyl given as finite linear combinations of operators of 
the form 

ct>sj'^ ■={'Ps,f,-^}, (3.8) 

where S and / run through all admissible surfaces and functions. To convince ourselves 
that the definition of $ is correct we have to check whether every {y'sj, ^} is an element 
of Cyl. In fact, every operator ()3.8|) preserves each space Cyl^. Indeed, let C be 
generated by the set C = {li, . . . , In} of independent loops. Then by virtue of 1)3. 4|) we 
get 

Wsj,^} = -lw*,Il[f:fj§^], (3.9) 

J=l 

where 

fj := -2{(ps,f,hij} 

and (x"^) are the canonical coordinates on (see ()3.6() ). In fact, the r.h.s. of the above 
equation belongs to Cyl^ for the algebra Mjy is preserved by any derivative. 

Definition 3.5 The A shtekar-Corichi- Zapata algebra \21^ is a complex vector space 

21 := Cyl X $ 

equipped with the Lie bracket 

[i^,(^),{^',4>')] ■■= (<A^'-0'^,[0,0']). 



The commutativity of R implies 

[</>,</>'] =0 

for every (/>,(/>' € This is, in fact, why the second equation of 1)3. 3|) holds for 

Wsiji,V>Sjjj} ■■= ['Psjji,'Psjjj]- 
3.1.3 Reduced classical systems 

In the previous subsection we have defined the ACZ algebra 21 encompassing all Yang- 
Mills gauge invariant degrees of freedom of the classical theory. Now we are ready to 
perform the reduction of the degrees of freedom. 

As mentioned earlier we will distinguish a reduced classical system by limiting our 
attention to outcomes provided by a restricted set of measuring instruments. This will 
be done by distinguishing a subalgebra of 21 generated by 
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1. a linear subspace F of 

2. an algebra of cylindrical function Cyl^. 

We are now at the point to define two kinds of classical systems — infinite and fi- 
nite ones (the meaning of the terms 'infinite' and 'finite' will be clarified in the next 
subsection) : 

Definition 3.6 A subalgebra 

21^ = $ X Cyl^ 
o/2l is called an infinite reduced classical system. 

Definition 3.7 Let F be a finite dimensional linear subspace of $ spanned by the set 
{(pSiji,--- j^PsnJn} linearly independent operators and let a tame hoop group C be 
generated by the set {li, ... ,1m} of independent loops. A Lie subalgebra 

- -Fx Cyl^ 

of 21 is called a finite reduced classical system if and only if the matrix 

Gij := [cksiji^hij] = (psijjhij = {ipsiji,hij} (3.10) 

is invertible. 

Note that (z) in Definition 13.61 the linear subspace F is $ itself: F = (ii) the 
invertibility condition occurring in Definition 13.71 is insensitive to the choice of the set 
of independent loops generating the tame group C which easily follows from the second 
statement of Lemma 13.21 

We emphasize that at this moment the quantization procedure splits into two in- 
equivalent ones: ISQ and FSQ. This means also, that in each case some of the remaining 
steps of the strategy will have to be performed in a different way. 

3.1.4 The Kijowski's definition of reduced classical systems versus the pre- 
sent ones 

Kijowski while quantizing a scalar field theory reduces the infinite dimensional phase 
space of the theory to a finite dimensional one by restricting his attentions to outcomes 
provided by a finite number of measuring instruments which (from mathematical point 
of view) are defined as some integrals over three-dimensional regions. Following the 
LQG methods we decided to use instruments which are distributional in that sense that 
they are defined as integrals along curves and surfaces. This choice (as it is shown in 
j21j ) leads naturally to the ACZ algebra 21 which replaces the phase space V with its 
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Poisson structure. This is the main reason why we defined reduced classical systems as 
subalgebras of the ACZ algebra 21 instead of reduced phase spaces, though each of the 
subalgebras can be associated with a reduced phase space. Moreover, in the FSQ case 
there is also another reason for applying the algebras which will be explained below. 

ISQ In this case the subalgebra 21^ = ^ x Cyl^ corresponds to the reduced phase 
space £ x which is infinite dimensional. The difference between this reduction and 
that applied by Kijowski is that here we do not reduce momentum degrees of freedom 
at all, while Kijowski reduces both momentum and configuration ones. 

FSQ Our definition of finite reduced classical system resembles as closely as possible 
Kijowski's definition, which in its original form is not applicable to the 'toy theory' 
because of some peculiarity of the measuring instruments {ipsj}- In order to make this 
issue clear and transparent let us try to define reduced classical systems following P 
without any essential modifications. 
Let 

$ := span{ ipsj }, 

where S and / run through all admissible surfaces and functions and let F be a fi- 
nite dimensional subspace of generated by linearly independent functions {v'Siju • • • > 
^SnJn}- means of F we define an equivalence relation on £: we say that Ei is 
equivalent to E2, Ei E2, if and only if for every (p ^ F 

^{Ei) = ip{E2). 
Now we can define the following quotient space: 

— the space is a finite dimensional real vector space. We define also a natural linear 
projection from £ onto £p i.e. 

pr^(^) := \E\. (3.11) 

The finite dimensional space Vp ^■.= £pX can be considered as a reduced phase 
space — the reduction is defined by the action of the projections pr^ and pr^ on the 
full phase space V = £ x A oi the 'toy theory'. By means of the projection we can 
push- forward the Poisson bracket {•, •} on V onto a Poisson bracket {•,■}/■£ on Vp j^. 
Now, the definition of a classical system in reads 

Definition 3.8 A pair 
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is a reduced classical system if and only if the Poisson bracket is non-degenerate, i.e. if 
and only if it defines a symplectic form on Vp £ 

The reason why we cannot apply this definition to the 'toy theory' is a property 
of the measuring instruments {ipsj}'- the Poisson bracket {•, •} act non-linearly on the 
instruments, which consequently leads to non-linearity of Indeed, consider 

three surfaces (2-dimensional submanifolds of S) 5, Si and ^2 such that 

5 = 5i U52 and 5i n ^2 = 0. 

Let / be a real function on S and fi := f I5. {i = 1,2). Then 

fsj = fSiji+fS2j2 (3-12) 

but, 

Wsj, ■} / Wsiji,-} + Ws2j2r} 

or, equivalently, 

<Psj / 05i,/i +'A52,/2• 
To justify the above statements note that the l.h.s. of (|3.12|) is defined as an integral on 
S, while the r.h.s. — as an integral on S1US2, and the difference S\{SiU S2) is irrelevant 
for the integral. However, it is relevant for the Poisson bracket: let I be a loop such that 
ins e S\{SiU S2). Then ^ gives us 

Wsi,h,hi} = = {ips2j^,hi}, 

while {ipsj,hi} is non-zero in general. Note, however, that the Poisson bracket are 
linear on the set of functions which depend on the connections only. 

Since the Poisson bracket {■) "j^ £ is non-linear it cannot define any symplectic form 
on the phase space 'P^ £• Thus we were forced to define the classical system by means 
of the subalgebras of the ACZ algebra 21. 

Clearly, the algebra 21a = F x Cyl^ given by Definition 13.71 corresponds to the 
space Vp £ = Ep x occurring in Definition 13.81 — Cyl^ are just functions on and 
the operators in F correspond to the instruments defining Ep (one can say also that 
the operators corresponds to the natural coordinates on Ep given by the instruments). 
Because Vp ^ is finite dimensional we have called the corresponding algebra 21a a finite 
classical system. 

^^We say that a Poisson bracket on a manifold is non-degenerate if and only if {5, ■} = implies that 
^ is a constant function. Then there exists a unique symplectic form on the manifold such that 13.3611 is 
satisfied. For more details see e.g. |23| . 
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It is not difficult to show that if the Poisson bracket was linear then the 

non-degeneracy condition of Definition 13. 81 would be equivalent to the invertibility of the 
matrix 

GiJ = WsiJi,hj], 

where the loops {/i, . . . , In} generate the tame group C. This explains the occurrence of 
the analogous condition in Definition 13.71 In the sequel we will also use the correspon- 
dence between Vp ^ and the algebra 21a to deepen our understanding of the relation 
'system-subsystem' among the finite classical systems. 

3.1.5 The directed set (A, >) 

Now we are going to label the set of infinite classical systems and the set of finite classical 
systems by elements of directed sets. Let us start by considering the infinite systems. 

ISQ In this case we define temporarily (i.e. for the sake of a preliminary discussion in 
the next subsection) 

(A,>) := ({£},>), 

where the directing relation in the set {C\ of all tame subgroups of the hoop group TiQ 
is defined as follows: £' > £ if £ is a subgroup^^ of C J^I- Later on, as we will see in 
Subsection 13.3. XL it will be necessary to restrict ourselves to a directed subset of this A. 

FSQ Note first that the set {F} of all subspaces of $ generated by finite sets of 
(linearly independent) operators (|3.8|) can also be equipped with directing relation: we 
say that F' > F if F is a linear subspace of F' . Hence there is a product directing 
relation on {F} x {£}, which will be denoted by > also. 

Let A be a subset of {F} x {£} such that for every (F, £) € A the algebra F x Cyl^ 
is a finite classical system. There holds the following lemma (proven in Appendix IB]) : 

Lemma 3.9 The set A equipped with a relation > defined by the directing relation on 
{F} X {£} is a directed set. 

Unification of the notation Although the directed set (A, >) defined in the case 
of ISQ is different from (A, >) defined in the FSQ case we will use the same symbol 
for both sets hoping that it will not lead to any confusion. Since now, for the sake of 
simplicity, we will often replace indeces £ and (F, £) by A's, e.g. 

2t^ = 21a and 21^^^ = 21a 

^''The existence of the directing relation on {£} is guaranteed by the analyticity of the loops generating 
the hoop group HG |15|. 
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etc. 

Thus we have finished Step 1 of the quantization procedure — the results of the step 
are the two families of reduced classical systems labeled by the directed sets. 

3.2 Step 2: Systems and subsystems 

The present section describes the crucial step of the quantization procedure, namely the 
definition and analysis of the relation 'system-subsystem' among the classical systems 
{SIaIasA — once this step is done the remaining steps of the procedure will be (modulo 
some technical difficulties) rather straightforward. Since a step like this does not occur 
in the standard quantization procedure leading to the LQG model we advise the reader 
to study this section carefully. 

3.3 Preliminaries 

Consider infinite classical systems 21 a' and 21a such that X' = C' > X = C. The essential 
observation is that the space Cyl^, describes more configuration degrees of freedom than 
Cyl^ including those in Cyl^. Indeed, the spaces are functions on, respectively, A^, and 
A^ and 

A^ = (-4^/) 
where pr^^, is a linear projection from A^, onto A^ such that 

pr^ = pr^^, o pr^,. (3.13) 

By virtue Definition 13.41 and (|3.13() we can write 

Cyl^ 3^ = pi'l Tc^ = w*c, W*cc' ^c^ = W*c, [X^/*pr^^,X^] ^. 

Note now that o pr^^, o is nothing else but a linear projections from R^' = A^, 
onto ^ Since the pull-back defined by the projection maps polynomials on M 
to polynomials on MJ^ the function [T£/*pr^^,T£] tp is bounded by polynomials in the 
sense of Definition 13.31 Thereby the function is a multiplier of Sat' , hence ^ G ^y^c' 
and 

Cyl^ C Cyl^,. (3.14) 

In this way we see that 

21aC21a'. (3.15) 

Consider now finite classical systems 21a' and 21a such that A' = [F\ C) > A = (F, C). 
Then the set F' contains more 'momentum' operators that the set F including those in 
F: F C F'. It is clear now the relation (|3.15)) is true also in the case of finite classical 
systems if only A' > A. The relation suggests then the following definition 

^^The linearity of the projection follows from 13.211 . 
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Definition 3.10 We say that a infinite (finite) classical system 21a a subsystem of a 
infinite (finite) classical system 21^' if and only if X' > A. 

However, in order to proceed with the quantization procedure the relation H3.15() has 
to be analyzed more carefully — this analysis will turn out to be necessary to define the 
projection nxy from Pa' onto T>x required by the procedure. As it was already said 
the space Vy (T^x) of mixed states will be represented by the set of density matrices on 
the Hilbert space Tiy {T~ix)- Therefore vtaa' will be defined according to the well known 
formula describing a projection from quantum system on onto its subsystem: given 
A' > A, we will split Tiy i^ito a tensor product Ti^a'a ® ^a'a where Tiyx will correspond 
to Tlx via a natural unitary map. Next, given py € T)y we will evaluate the partial 
trace with respect to T~Ly\ obtaining a density matrix on Tiyx which will be identified 
by the unitary map with a density matrix on Tix- Thus the question 'how to construct 
the projection vtaa'?' we will have to answer can be reduced to 'how to decompose Tiy 
into Hyx ® HyxT. 

Since we are going to define the Hilbert space Tlx' in a natural way as i^c' ' ^f^c' ) ' 
where dfj,^, is a Haar measure^^ on A^, the decomposition Ti.yx "^A'A can be obtained 
from a decomposition A^,. Taking into account the fact that ttaa' is, roughly speaking, 
a quantum counterpart of the projection pr^^, the decomposition should be of the form^^ 

A^, = ker pr^^, © ^a'A- (3.16) 

Now we can set 

^A'A = L'^{^eipv^^,,dflyx) and Hyx = L^{Ayx, dpyx) = Hx, 

where (i) dfj,y\ is a Haar measure on the linear space ^a'A corresponding via the projec- 
tion pr^£, to the Haar measure dfi^ on A^ and (ii) the product dflyx ^ dfiyx coincides 
with dn^,. 

We conclude then that the definition ttaa' should be based on the decomposition 
H3.16() . However, there are a lot of such decompositions which differ from each other 
by the choice of ^a'A and, as it is shown in Appendix El the projection ttaa' depends 
essentially on the choice of ^a'a- Thus our task is to find a criterion which will allow us 
to distinguish .4a'a in a natural way. 

Note that a choice of ^a'a appearing in (|3.16() is equivalent to a choice of a linear 
embedding ^a'A : A^ — > A^, such that 

pr^^, o 6'a'a = id and ^a'A = im^A'A- (3-17) 

^*Note that since A^i is a linear space and hence a Lie group the notion of a Haar measure on A^, is 
well defined. 

^^In the FSQ case the choice of A\'\ will be determined not only by C' and £ but also by F. This is 
why we use the symbol A\i\ instead of A^,^ which on the first sight could seem to be more natural. 
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Indeed, H3.16() implies that pr^£/ restricted to ^a'A is a linear isomorphism onto A^. 
Then Oyx := (pi'^^'l^ , )^^- On the other hand, if 6\'\ satisfies the first condition of 
H3.17() then A\'x given by the second one satisfies Thus the equivalence follows. 

In fact, in the sequel we will use rather the embedding instead of Ayx since the former 
will turn out to be more convenient. 

To finish the preliminary considerations let us emphasize that the choice of the 
subspace ^a'a and the embedding ^^'A can be done by referring merely to the structure 
of the classical systems 21^' and 21^- This is why we decided to place this construction 
before the systems have been quantized. 

3.3.1 Systems and subsystems in the ISQ case 

Assume that \' = C > \ = C and consider the corresponding classical systems 21a' D 
21a. The only difference between the systems comes from the difference between the 
groups C and C. Therefore while defining .4a'a we have to refer to the groups. 

Suppose then that the sets {/'j^, . . . , /^,} and {/i, . . . , /tv} {N' > N) of independent 
loops generate, respectively, the group C and C Assume moreover that for I = 1, . . . , A'' 

I'j = li. (3.18) 
Then we could define .4a'a by the formula 
Definition 3.11 

Ax'x := { [A^ G Aj^, I /ir^, (^) = for J' = N + l,...,N' }, (3.19) 
where [■]' is an equivalence class of the relation defining A^,. 

However, the space ^a'A given by the definition is not unique because even if the 
condition 1)3. 18|) is satisfied the choice of the remaining loops {l'j^_^_^, . . . is still 

ambiguous — in general there are many choices of such loops and each of them may 
provide us with different measuring instrument {^z^ ^ > • • • > ^z' , } (in other words, the 
choices of the loops are not holonomically equivalent in general). Therefore to remove 
the ambiguity we will restrict ourselves to tame groups generated by a special kind of 
piecewise analytical loops which will be called almost analytic loops. 

Definition 3.12 We say that a loop I (based at y ^T,) is almost analytic if and only if 

l = e-^oloe, (3.20) 
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where (i) I is an analytic loop based at y' ^ such that almost all points of the path 
defined by I are traced precisely once^^ and {ii) e is a piecewise analytic oriented one- 
dimensional submanifold (path) of the source at y and the target at y' (e~^ denotes here 
the path obtained from e by the change of the orientation). 

Note that the only role of the path e is to ensure that the base point of the loops I 
is y — the path does not effect the value of the holonomy along / i.e. 

hi = hf. 

Therefore we can modify Definition 13.11 describing the notion of a set of independent 
loops in a way which will be suitable for further considerations. Using the notation 
introduced by Definition 13.121 we formulate 

Definition 3.13 Suppose that a finite subset C = {li, . . . ,/^/} o/L^, consists of almost 
analytic loops. C is called a set of independent loops if and only if for each I = 1, . . . ,N 
the set 

T/ n (/"i u . . . u li-i u /"/+! u ... u Tat) (3.21) 

consists of a finite number of points. 

We have the following lemma 

Lemma 3.14 1. Suppose {Zi, . . . , 1^} is a set of almost analytic loops such that for 
every I ^ J 

ll + If. 

Then {Zi, . . . , Zjv} is a set of independent almost analytic loops. 

2. Assume that the tame groups C and C are generated, respectively, by the sets 
C! = {l[, . . . ,l'j^,} and C = {li, . . . , 1^} of almost analytic independent loops. If 
C is a subgroup of C' then there exist a unique map a : {1, . . . , N} ^ {1, . . . , A^'} 
such that 

The map a is injective. 

Proof Statement 1. Given I ^ J, consider analytic loops and Ij defining the loops 
Ij and Ij respectively. Assume that the set of intersections between // and Ij is infinite. 
Then analyticity of the loops implies immediately that Ij = if and consequently Ij = 

^"This means that the loop can have self-intersections, but it cannot trace its own path more than 
once. 
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I J which contradicts the assumptions of the lemma. Thus // n Ij consists of at most 
finite number of points and thereby the set H3.21() is finite. 

Statement 2. It is clear that the set C satisfies the assumptions of Statement 1 of 
the lemma. Suppose that, given I £ {1, ... , N}, C U Ij also satisfies the assumptions. 
Then it is a set of independent loops and the contradiction // ^ C' follows. Thus there 
has to exist J' G {1, . . . , A^'} such that // = (I'j,)^^. Moreover, this J' has to be unique 
otherwise C would not be a set of independent loops. This proves the existence and 
uniqueness of a. The map has to be injective also, otherwise the set C would not be a 
set of independent loops. ■ 

Statement 1 of the above lemma means that within the domain of almost analytic 
loops the measuring instruments {hi} are independent modulo the trivial dependence 
hi = ±hii. More precisely, if {li, . . . are almost analytic loops satisfying the as- 
sumption of the statement then the only function H : — > M which satisfies 

Hihi„...,hij = 

is H = 0. 

Statement 2 of Lemma 1)3. 14() implies the following conclusions concerning the tame 
hoop groups C, C appearing in the statement: 

1. C is the unique (modulo the change of orientation and holonomical equivalence of 
the loops) set of independent almost analytic loops generating C. 

2. if i2 is a subgroup of C then there is a unique split of C into two disjoint subsets 
such that the loops in one of them coincide (modulo the change of orientation and 
holonomical equivalence) with those in C 

The last conclusion guarantees that by restricting ourselves to almost analytic loops 
the ambiguity in Definition of ^a'a is removed. Therefore since now we will 

consider only those infinite classical systems which are defined by tame hoop groups 
generated by sets of almost analytic independent loops. It is straightforward to check 
that these tame hoop groups also form a directed set with the directing relation defined 
by inclusion as before. This set will be still denoted by (A, >). 

Now let us turn back to the groups £ considered above. Without loss of generality 
we can assume that 

li = l'j, I = l,...,N. 

Let {x'j,) and (xj) be linear coordinates on, respectively, A^, and given by the 
maps Ic' and Ic (see Equation ()3.6() 1. Then the map Oyx corresponding to ^a'a can 
be written as follows 

Ox'xixi, . . . ,xn) ■■= {xi,. . . ,XAr,0, . . . ,0), 
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where the r.h.s. of the equation is expressed by means of the coordinates {x'j,). 
Now it is easy to show that there holds the following important: 

Theorem 3.15 Given A" > A > A 

= ^A"A' ° ^A'A- (3.22) 

3.3.2 Systems and subsystems in the FSQ case 

In the FSQ case, given A' = {F',C') > A = we have F C F' . We wih use this 

fact to distinguish the space ^a'A- 

Let {<pi, ■ ■ ■ , (Pn} be a basis of F. It follows immediately from Equations (|3.8() and 
(|3.9|) that each (pj defines a constant vector field Xf on A^,. Let {y^v+i, • • • > ^a"} 
(A''' = dimF') be constant vector fields on A^, such that {YAr+i(0), . . . , Yni{0)} form a 
basis of the space tangent to kerpr^^, at 0. Then the following lemma holds. 

Lemma 3.16 The vector fields {Xj,Yj} are linearly independent. 

Proof. Let C = {li, . . . , Ijy} be a set of independent loops generating the tame group 
C. For / = 1, . . . , we define (compare with (|3.6jl ^ 

A^ £ [A] ^ xi{[A]) := hij{A) e M. 

Assume now that 

AT N' 

^aiXj+ bjYj = 0, 

1=1 J=N+l 

where {oj, bj} are real numbers. Since pr^^/^^j = we have 

N N N 

= y^^aiXi{pv*;j,,XK) = 'Yai[(pi,hij^] = y^ajGiK- 
1=1 1=1 1=1 

By virtue of Definition 13 . 71 the matrix (Gjk) is invertible which means that every aj = 0. 
Our assumptions imply also that {Yj} are linearly independent. Thus the lemma follows. 
■ 

Since the vector fields under consideration are constant each of the two sets {Xj} and 
{Yj} defines a linear subspace of A^/. Of course, the subspace given by the latter set is 
ker pr££,. The lemma just proven implies that the two subspaces define a decomposition 
of A^^, of the form ()3.16|) . Thus we have arrived to the following definition: 
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Definition 3.17 ^a'A is the subspace of A^, given by the vector fields {Xj}. 

Let us now find an explicit formula describing the map ^a'a- Assume again that 
A' = {F',C') >X = {F,C)- Let 

{<Pi, ■ ■ ■ A'n') and {(j)i,...,(pN) 

be bases of, respectively, F' and F such that for J = 1, . . . , 

0'j = ^J- (3.23) 

Similarly, let 

{x[, . . . ,x'^,) and {xi,...,xn) (3.24) 
be linear coordinates on, respectively, A^, and A^ such that for J = 1, . . . , 

x'j = P^i;'^-^- (3-2^) 
By virtue of Definition 13.71 the following matrices 

G'i'j' '■= Wi'^P'^^x'j,] and G/j :=[(/>/, pr^xj] (3.26) 

are invertible. The assumptions ()3.23() and 1)3. 25() mean also that for I,J = 1, . . . ,N 

G'jj = Gij. (3.27) 

We see from ()3.23|) and ()3.26|) that the vector field A/ on Aj^, corresponding to 
can be written as 

N' 

j'=i 

Let {vj'} be a basis of A^, which when expressed in the coordinates (x^,) is of the form 
vj' = {5j'K')- Then the latter equation gives us immediately 

N' 

Ayx = span{ G'jj,vj> \I = 1,...,N}. (3.28) 
J'=i 

On the other hand, pr^^, written in terms of the coordinates {x'j,) and (xj) is of the 
form 

A^, 3 (xi, . . . , x'pf, x'j^_^i, . . . , x'j^,) 1-^ {x^, . . . , x'pf) G A^ 
Combining the above two formulae with Equation (|3.17j) defining the map 9\'\ we get 

N 

A^ 3 (xj) ^ 9x'x{xj) = XJ GjIG'lk') G ^a'a C A^, (3.29) 

J,L=1 
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where the r.h.s. of the definition is expressed by means of the coordinates (x'j,). Note 
that if A' = A then Oyx = id as it could be expected. 

It turns out that the maps {^a'a} defined in the FSQ case also satisfy Theorem l3.15l 

Proof of Theorem 13.151 in the FSQ case. Consider a triple 

A" = (F", C") > A' = {F', C')>X = {F, C). 

Let {x'p) and (x/) be linear coordinate frames H3.24() on A^, and A^^, respectively, 
satisfying the condition H3.25() . There exist a linear coordinate frame (j;'/, . . . ,x'l^„) on 
A^„ such that for J' = 1, . . . , A^' 

// * / 

^J' — V"^ Hi £^11^ Ji- 
lt is not difficult to prove that given C" > C > C 

pr^^// — P^ CC-i ^ c' C," ' 

Hence for J = 1, . . . , 

// * 

Xj — pr^^„xj. 

Now by applying H3.29() it is straightforward to check that the theorem holds. ■ 
3.3.3 Origin of the map 6xi\ in the FSQ case 

Although the choice of the spaces {^a'a} fixed by Definition 13 . 1 71 can seem to be the only 
natural choice in the FSQ case it does not explain why the resulting embeddings {^a'a} 
satisfy the non-trivial assertion of Theorem 13.151 Now we are going to give an answer 
to the question. However, the answer is not relevant for the quantization procedure so 
the reader which is not interested in it can skip the present subsection. 

To understand the origin of the embedding 0\i\ and its property described by The- 
orem we will refer to the correspondence between the algebra 21a ^-nd the reduced 
phase space 'Pp c = £p ^ A^ as described in Subsection 13. 1.41 and consider the relation 
'system-subsystem' between appropriate reduced phase spaces. 

Let {F} be a set of linear subspaces of <I> such that every F possesses a basis of the 
form {(/35^ jj, . . . , ipsj^jj^}- Clearly, one can define a directing relation on {F} demanding 
that F' > F and only if F C F'. This allows us to define the product directing relation 
on {F} X {£} for {£} is a directed set also. 

Note now that there exists a unique linear projection 

P^PP' '■ £pi £p) 

such that 

pr^r = priT-iT/ opri?-/ (3.30) 
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where the projections pr^,,pr^ are given by Equations p.llf) . 

Assume then that {F',C') > {F,C) and consider the corresponding phase spaces 
Vpt £/ and Vp £. The projections pr^, x pr^, and pr^ x pr^ can be used to push-forward 
the Poisson bracket {•, •} into Poisson brackets {•, ■}p, ^, and {•, - j^ ^ on Vp,, ^, and Vp ^ 
respectively. It is straightforward to check that 

{{Wp'F ^ P^££')*C> (.P^^F'F ^ P^CC'TOf'X' = (3-31) 

where ^ and C are functions on Vp ^. 

As it was emphasized earher, the Poisson brackets under consideration are not hnear. 
Let us, however, neglect the non-linearity, i.e. let us assume that every phase space Vp ^ 
is equipped with a (bi) linear Poisson bracket {■, -j^ £• We can now apply Definition 13.81 
to extract classical systems from the set {Vp of all reduced finite-dimensional phase 
spaces. To proceed further with our analysis we have to assume moreover that 

1. given {F',C') > {F,C) the corresponding brackets satisfy (|3.31|) : 

2. if Vp £ is a classical system then diuiEp = dim^^; 

3. let /C be a subset of {F} x {£} consisting of all labels k = {F, C) such that Vp ^ 
is a classical system. Then /C is a directed subset of the directed set {F} x {C}. 

Since now we will use the symbol C5k to denote the classical system 

(T're, {•,•}«) = {'Pp^c^ {"''J'F,/;)" 

It is intuitively clear that, given k' > n, CS^ is a subsystem of C5k'. However, to 
make this statement precise we have to show that there exist an embedding 

e«'^ : V^ ^ V^> (3.32) 

which preserves the symplectic structure. Hence our task now is to find such an embed- 
ding and also to show its uniqueness (under some 'reasonable' assumptions). 

Note first that the very definition of the phase spaces of the systems provides us 
rather with a projection 

PI'kk' ■= Wff" ^^LL> (3-33) 

from Vf^i onto Vy^ than the embedding (|3.32j) . Thus while looking for an embedding 
1)3. 32() it seems to be reasonable to require that 

pr,,, o e,,, = id and e,,,(0) = (3.34) 

for both the projection pr^^/ and the zeros of V^i and Vn are naturally distinguished. 
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Every classical system CS^ is equipped with the Poisson structure defined by the 
bracket {•, •}« which by virtue of Definition 13. 81 defines a symplectic form on V^- Note 
that Equation ()3.31|) is equivalent to the statement that, given k' > k, the map pr*^, 
preserves the Poisson structure. To single out the embedding Q^'k we might require 
that it preserves the symplectic form, i.e. 

= ©k'k^^c'- (3-35) 

It turns out, however, that this condition is not sufficient to give us a unique embed- 
ding^^. Therefore we have to find a stronger requirement. 

Let us recall that the symplectic form lOk defines a map (see e.g. EHl) 

^ : T,V^ ^ T*V^, 

where T^V^ and T*Vf^ are, respectively, tangent and cotangent bundles, and X is a 
vector field on Vk- Since is non-degenerate the map is invertible — we will denote 
the inverse map by K This map allow us to express the well known relation between the 
Poisson bracket and the symplectic form: 

{^,C}K = oJ^{^d^JdO. (3.36) 

Similarly, the symplectic form w^' of the system CS,^/ defines maps and 

Instead of (|3.35|) we can require now that the embedding preserves the map " 

i.e. 

e..«*o « = tt'opr:,,. (3.37) 
This condition allows us to single out the unique embedding^^. 

Theorem 3.18 Given k' > k there exists precisely one embedding 

such that it 

1. satisfies 1)3. 34(1 . 

2. satisfies 1)3. 37() for every smooth function on V^.: 

e«...«de= «'pr:,,(ie. (3.38) 



Since the symplectic forms are two- forms then after expressing Equation 13.3511 by means of the 
components of the forms we obtain a partial differential equation which is quadratic in the derivatives 
(the indeces i' ,i refer to coordinate systems on V^/jVn, respectively). 
■^■^Equation (13.3711 is linear in diQl.,^ — compare with the remark in the previous footnote. 
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3. preserves the polarization of the phase spaces and V^' i-e. it is of the form 

where G™^ : Ep Ep, and G^,^ : A^, 
The map Q^'k is linear. 

The proof of the theorem is quite technical and this is why we relegated it to Appendix 

m 

Taking advantage of Equations (|3.31() and ()3.37p and the relation (|3.36|) one can easily 
show that the embedding Q^'n preserves the symplectic form as it is formulated by 
Equation (|3.35|) . Moreover, the embeddings {Q^'k} satisfy the following condition: 

Theorem 3.19 Given k" > k > k 

&k"k = 0k"k' o ©k'k- (3.39) 

Proof. From Equation ()3.37|) we get 

Applying (|3.37|) to the r.h.s. of the above equation we get 

o Qk'k)* o » = »" o pr;;,^,, o pr*^, 

Since pr^^// = pr^^/ o pr^/^// (it follows from the definition of the projections — see Equa- 
tions (E3SI), inn^ and (HOni) ) we get 

(Gk'/k' o Gk'k)* o " = o pr*,^„. 

The composition Gk"k' o G^'k preserves the polarization of the phase spaces and maps 
G to G V,,". Moreover 

Wkk" ° (0k"k' ° ©k'k) = P^kk' o PVk" o G«;//k/ o G«,/«, = id. 

This means that &k"k' ° ©k'k satisfies all the assumptions of Theorem 13 . 1 81 and thereby 
(TTMl) holds. ■ 

Now let us compare @k'k with ^a'a- We can easily find linear coordinate frames 

{Pi,---,p'n') and {pi,...,pn) 
^•^The index 'm' in O™^ stands for 'momentum', while 'c' in O^/^ does for 'configuration'. 
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on, respectively, Ep, and Ep such that for / = 1, . . . , A'' 

p'i = V^*Pp,Pi- (3.40) 

Define 

G'i'ji ■= {p'r,x'j,}^,i and G/j := {pi,xj},., 

where the coordinates {x'j,) and {xj) are introduced by Equation H3.24() and satisfy the 
condition (|3.25|) . The proof of Theorem (|3.18|) provides us with the fohowing formulae: 

N 

e-p 3 (pj) ^ Q'^^Apj) = ( E pjG'k'lGi]) g £f„ 

J,L=1 
N 

9 (xj) ^ G^,Jxj) = ( xjG-jl&LK') e A^,, 

J,L=1 

where we used the coordinates (p'j,) and (xj,), respectively, to express the r.h.s.'s of the 
formulae. 

Taking into account the above result and Equation (|3.29|) it is clear that ^a'A origi- 
nates from the map Q^'k (it should be noted here that the condition H3.4U() corresponds 
naturally to (|3.23|) ). Now Theorem 13.151 in the ESQ case can be seen as nothing else 
but a counterpart of Theorem 13.191 

3.4 Step 3: Quantization of classical systems 

In the previous step we gave a precise description of the relation 'system-subsystem' 
between the members of the family {SI^IagA- Now we are going to focus on a fixed 
classical system 21^ (infinite or finite one with A = £ in the former case and A = {F, C) 
in latter one) and quantize the system according to the standard rules of canonical quan- 
tization. Thus we will obtain the quantum system S\ considered as an approximation 
of the quantum 'toy theory'. 

Let us extend the Lie algebra 21^ which defines the classical system to an operator 
*-algebra 21a generated by the following linear operators acting on the algebra Cyl^ of 
Schwarz cylindrical functions compatible with the tame group C: 

Cylf 3 ^ := ^ G Cyl.-, 

i . (3.41) 

Cyl| 9 ^ 05,/,A^' := #5,/^', (Psj G F, 

(recall that in the ISQ case F = <I>). Clearly, is a function in Cyl^, and 4^3, f,x^' 
also belong to the space, which is guaranteed by Equation 1)3. 9|) and the fact that every 
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derivative maps the algebra of Schwarz functions into itself. The * involution on 21^ is 
defined as follows 

^* := ^, ■= ^gjy^ 

(the correctness of the definition can be proved by a method described in P^). 

The next step of the quantization procedure is constructing a *-representation of 
21a on a Hilbert space TL\. Let us begin this construction by defining the space. Let 
(x^, . . . , x^) be the canonical coordinates on 'R.^ and let dx^ be the Lebesgue measure 
on which, obviously, coincides with one of the Haar measures on thought as a 
Lie group. Given a set C of independent loops generating the tame group C we define 
a measure dji^ on by the formula 

/ 'il;dn^:= [ {Il^*il))dx^ , (3.42) 

where is given by H3.6|) . As it was shown in TTI the measure dfj,^ does not depend 
on the choice of the set C. Hence 

nx:= L'^{A^,dn^). (3.43) 

is defined unambiguously. 

Let us consider the following pull-back 

C°"iA^) pr^^-. (3.44) 

The map pr^ is a surjection, hence the pull-back is an injective map and pr^"^ is a well 
defined map from impr^ onto the space C°°(A^) of smooth functions on A^. Taking 

advantage of Definition 13.41 one can easily check that pr^~^(Cyl|) is a dense subset of 
Tlx. Equations (|3.41|) provide us with a natural representation of 21a on Cyl^ which can 
be mapped by means of the map pr^ onto a ^-representation Tx of 2tA on the Hilbert 
space Hx- 

^x € d ^ Tx{a) := pv*r^ o a o pv*^. (3.45) 
Thus we have obtained the desired quantum system 5a consisting of 

1. pure states given by vectors in the Hilbert space ?ix- 

2. mixed states represented by the set Vx of all density matrices on Tix- 

3. the representation Tx of the *-algebra 21a of observables on 7ix- 
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Note that some elements of 21a (like e.g. the 'flux-like' operators {(psj,x}) are mapped 
by the representation Tx to unbounded operators on 7ix, which cannot be evaluated on 
some elements of Dx. On the other hand every element of Pa can be evaluated on the 
C*-algebra Bx of bounded operators on fix- Therefore in the sequel we will use the 
algebras {Bx} rather than {Ta(21a)} to build the algebra of quantum observables for the 
'toy theory'. 

3.5 Step 4: The space of states for the 'toy theory' 

In the previous Subsection we have obtained the family {5a} of quantum systems labeled 
by the directed set (A, >). Now we are going to build from these systems a large quantum 
system S which will consist of 

1. the space T> of quantum states, 

2. an algebra B of observables which can be evaluated on the states in V. 

The system S can be considered as the quantum 'toy theory' with the Gauss constraint 
solved and the diffeomorphism one unsolved. 

Let us emphasize that while performing this step of the strategy there is no need to 
distinguish between the ISQ and FSQ. 

3.5.1 Construction of the space V of quantum states 

As mentioned earlier we are going to equip the set {T^x} with a structure of a projective 
family — this means that we will have to define, for every pair A' > A, the projection 
ttaa' : T^x' T^x (the 'forgetting' operator) in such a way that for every triple A" > A' > A 

ttaa" = ttaa' o tta'a"- (3.46) 

The projections will be constructed by the method described in Subsection 13.31 

Assume then that A' > A (i.e. X = C > X = C in the ISQ case and A' = {F',C') > 
X = {F, C) in the FSQ one). This means either A' = A or A' > A (i.e. A' > A and A' / A). 
Let us begin the construction of the projections {vtaa'} by considering the case A' > A. 

Lemma 3.20 Suppose that X' > A. Then 

dim^^, > dim^^. 
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This lemma (proven in ADDendixlE|) means that, given A' > A, the passage from the 
classical system 21^' to 21^ involves a non-trivial reduction of the configuration degrees 
of freedom — the reduction is described by the projection pr^^/. Note now that the 
decomposition (|3.16|) can be rewritten in the following form 

A^, = kerpr^^, © i™^AA' 

"^A'A , (3.47) 
A^ 

where im^;s^/_;^ = Ayx and, by virtue of Lemma l3 .21)1 

kerpr^^, 7^0. (3.48) 

Clearly, im ^^A' describes the degrees of freedom which do not undergo to the reduction 
and are identified by means of 9y^^ with the degrees of freedom of A^. Now we are going 
to use ()3.47|1 to decompose the Hilbert space Hx' = L'^{A^,,dfi^,) into a tensor product 
of two Hilbert spaces. 

To achieve the goal let us equip every space occurring in ()3.47|) with an appropriate 
measure. Of course, the spaces A^, and A^ are already equipped with measures dfi^, 
and d/j,^ respectively which are given by Equation H3.42() . Let us define a Haar measure 
dfix'X on im Oyx by the push-forward 

dfJ-x'x ■= 0\'\*d^c- (3-49) 

It is easy to check that there exists a unique Haar measure djlyx on ker pr^^, such that 
d/U^, = djlx'x X dfiyx- Thus we have obtained the following diagram 

dfi^, = dfix'X X dfix'X 

e,',, , (3.50) 
dfi^ 

which corresponds to H3.47() . The measures just introduced allow us to define the fol- 
lowing Hilbert spaces 

Wa'a := L'^{^erpr^^,,dflx'x) and Hyx ■= L^iyaiOx'x^d^x'x) 
and a unitary map 

Hx'x 9 ^ ^ Ux'x"^ := ei'x"^ e Wa, (3.51) 
which will be used to identify the Hilbert spaces Tiyx and Tix- 
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Thus we obtained the desired decomposition: 



u,>,=ei,^. (3.52) 

nx 

Comparing the above result with H3.47() we see that the Hilbert space Wa'A corresponds 
to classical degrees of freedom undergoing to the reduction, while "Ha'a does to classical 
degrees which survive the reduction. 

To define the projection tt^a' we will also need an isomorphism -u^'A from the algebra 
Byx of bounded operators on 7i\i\ onto the algebra B\ of bounded operators on TYa 
given by 

B\t\ 3 u\i\a := Uy\ o a o G B\. (3.53) 

Now, having the decomposition (|3.52|) and the above isomorphism we are ready to 
define the projection t:\\i. Let {^n\ and {^n} be orthonormal bases of, respectively, 
TtJa'a and TLyx. Then the partial trace 

Vx'3 trvA P-=^\Y^ {^k ®^n\p{^k® *m)) ] \^ n) m\ 

nm k 

produces a density matrix on TCyx- In other words tr^'A reduces those degrees of freedom 
of the quantum system Sy which correspond to the classical degrees of freedom contained 
in kerpr^^,. What remains to do is to map the resulting density matrix into one in Vx- 
Thus we have arrived at 

Definition 3.21 Given X' > A, the projection ttxx' '■ ^a' ~^ T^x is defined by the follow- 
ing formula: 

juA'AotrvA if X' > X 
id ^fX' = X■ 



Before we prove that the projections just defined satisfy the consistency condition 
(|3.46jl let us make some preparatory technical considerations concerning the case A" > 
A' > A. 

Let us note first that the decomposition (|3.52|) applied to the Hilbert spaces Tiy, 
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7i\i and TLx gives us the following diagram: 



Hx"x <E) Hx"x 



ny = Hx'x ^ nx'. 



(3.54) 



Hx 

Now we are going to reconcile the two decompositions of Tlx" occurring in the top row 
of the diagram. 

Note first that by applying twice the decomposition ()3.47|) we get 
= kerpr^,^,, ©im^v'A'Ikerpr^^, ® im^A"A'|i^g^,^. 
Theorem 13.151 allow us to simplify the last term of the above formula. Thus we obtain 

A^„ = ker pr^,^„ im 9x"X' \ ^^^^ pr - ® i™ ^A" A = 



= kerpr^,^,, © im6'A"A' l^erpr^^, ® i™^A"A- (3.55) 

^ V ^ 

kcr pr££// 

Next, let us decompose the measure d/i^,, on A^„ in an analogous manner. We have 
from (HTKnil 

dfi^„ = dflx"X' X dfiyx' 
By virtue of ()3.5U|) and Theorem 13 . 1 51 we get 

dfJ^yy = Ox"X'*d^c' ~ ^A"A'*(c^/iA'A x dfiyx) = 

= (6'A"A'|kerpr--,)*(^/^A'A) X {Ox"X'\i^^g )*{dflx'x) (3.56) 



where (6'a"A' l^^.p, , ,,)*(c?/iA'A) is a Haar measure on im (6'a"A' |kcrpr - 
(|09|l that 

(^A"A'|ijne^,^)*(^^A'A) = d^A"A- 

In this way we obtain 

dfl^„ = dllx"X' X (^V'A'Ikcrpr^^, 
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It follows from 



(djlyx) X dfly'X- 



It is clear that the product of the two first measures on the r.h.s. of the above equation 
is a measure on ker pr^^/; , and Equation p.SUf) ahows us to conclude that the product 
coincides with djlx"x. The desired decomposition of dfj.^,, reads 

dn^,, = djjy'X' X (^A"A'|kcrpr^^,)*('^AA'A) X dflyx = 

^ — V ' 

= djsx"\' X (^A"A'|kerpr^£,)*(^/^^'^) ^ '^/"A"A- 

^ V — ' 

The above result and the decomposition P-SSf) give us immediately 

Wa" = ^A"A' ® T-Lyx'x «) Hyx = Ha"a' «) Ha"a'a ® Wa"a, (3.57) 
. ' ^ ^ ' 

where 

Hv'A'A = i^'(im(eA"A'|kerpr^^,)' (^A" A' | ker pr^^> ('^/^A' a) ) • 

It is easy to see that the following maps 

T^V'A'A 3 ^ ^ Va"A'^ = (^V'A'Ikcrpr^^,)** ^ ^A'A, 

are unitary and satisfy 

f^A"A' = ^A"A' "X) Va//a' and Ux'x ° Vx"X' = Uyx (3.58) 

(the first equation follows from Equation (jSI^), while the last one does from Theorem 
EM- 

Thus we have finished the preparatory considerations and are ready to state and 
prove 

Theorem 3.22 For every triple X" > A' > A 

TTAA" = VTAA' o TTa'A"- (3.59) 

Proof. Assume that A" > A' > A otherwise the proof is trivial. Consider the map trA"A 
occurring in the definition of ttaa"- This map reduces the degrees of freedom described 
by the Hilbert space Hx"x, hence by virtue of (111 5 7 j) it can be expressed as 

trA"A = tro otrA"A', 
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where tro reduces the degrees of freedom described by 7i\"\'\. The first equation of 
H3.58() is equivalent to the following diagram 



X'X 



T~ty\ 



Hyi 



'Hy\ 



Denote by vyiy an isomorphism from the algebra of bounded operators on 7iyi\ onto 
one of bounded operators on 7iy\ defined by the unitary map Vyy- It is clear now that 

tro = V^}y^, o trA'A o Uyiy; 

therefore the projection ttaa" can be expressed as follows 

VTaA" = U\"\ ° trA"A = U\"\ o tro o trA"A' = {uyx o ^^A"A') ° t'^A'A o (ma"A' o trA"A') = 

= {uyx o Vyjy) o trA'A o VTA'A". 

The second equation of l|3.58jl implies that nA"A ° ^^a"\' ~ ^a'Aj hence 

VTAA" = UX'X o trA'A ° VTA'A" = TTaA' ° T^X'X"- 



Thus we have constructed the desired projective family {Pa, ttaa'}- This gives us the 
space T) of states of the 'toy theory' as the projective limit of the family 



V := lim^A- 



(3.60) 



Let us emphasize that in fact we have constructed two different spaces of states: one for 
ISQ and the other one for FSQ. 

3.5.2 Algebra of observables 

Following the construction in ^ we will define the algebra B of observables for the 
quantum 'toy theory'. 

Let Bx denote the C*-algebra of bounded operators on the Hilbert space Tlx- Given 
ax € Bx and px G ^^A; there is a complex number associated with them: 

{ax,px) ■■= tr(aAPA) G C. 
One can prove the following 
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Theorem 3.23 (i) Given any a\ G Bx, there exists a unique operator a\i S B\' such 
that for every p\i £ Vy 

{ax',p\') = {a\,TTx\'Px'). 

[it) The map 

BxB ax>-^ TTyx"'\ '■= £ ^A' 

is a C* -isomorphism of Bx onto its image in By- 
{Hi) for any triple X" > A' > A 



We conclude now that 

{ ^A , T^xx' }agA 

is an inductive family of (unital) C*-algebras. Consequently, the inductive limit of the 
family, 

B:=\miBx, (3.61) 

is a unital C*-algebra also. It is easy to realize that every element of P defines a positive 
linear functional (a state) on B (note however that since Vx does not coincide with the 
set of all states on Bx, the set V does not coincide with the set of all states on B either). 
We will consider the algebra B as an algebra of (Yang-Mills gauge invariant) observables 
for the quantum 'toy theory'. We emphasize again that in fact we have defined two 
different algebras of observables: one for ISQ and the other one for FSQ. 

3.6 Step 5: Solutions of the diffeomorphism constraint 

The goal of this section is to define an action of the analytic diffeomorphisms of E on the 
space V of quantum states of the 'toy theory' and find states preserved by the action — 
these states will be considered as quantum solutions of the diffeomorphism constraint 

Let us begin by describing the action of diffeomorphisms on the hoop group TiQ. 
Given an analytic diffeomorphism x ^-nd a loop / € Ly, the loop x(0 is based at the 
point x{y)- If c is an (piecewise) analytic edge originating in y and ending in xiu) then 
for all our purposes we can identify x(/) with the loop e^^ o x(l) ° e based at y since 

^X(0 = ^e-iox(Ooe- (3.62) 

Moreover, the above equation holds independently of the choice of e. Thus the loop 
o x{l) o e defines a unique hoop x(0 ^ such that 

^x(0 = ^x(0- 
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In fact, although diffeomorphisms do not preserve the base point y occurring in the 
definition of the hoop group TiQ, the action 

is an automorphism of the group This is why the quantization procedure does not 
depend of the choice of the point y as it was mentioned earher. 

Now we turn to the action of diffeomorphisms on the measuring instruments ipsj 
and hj. The action (|2.15|) of an analytic diffeomorphism x on the canonical variables 
induces the action of the diffeomorphism on the instruments 

iXipsj)iE):=^sjU:'E) and {xhi){A) := hjU* A). 

Then it is easy to show that 

X^sj = 'PxiS),x-'*f and xhi = h^^iy 

Using the above formulas we can easily define a linear action of diffeomorphism on 
the ACZ algebra 2t: 

Cyl^ 3^1=^^111^ ^ X^:=pr;(^^T*(^)V G Cyl^(^), (3.63) 

Since above we have used the maps T£,X^(£-)^^ it is necessary to show that the definition 
does not depend on the choice of the independent loops £ = {/i, . . . , Suppose then 
that C = {I'l-, ■ ■ ■ il'n} is another set of independent loops generating the tame group 
C. Then, as stated in Lemma 13.21 the map M := Zc o 1^} is a linear automorphism 
of M". As it is shown in jllj M is fully determined by the decomposition of hoops 
{li, . . . , /„} in terms of {Z'^, . . . , Z^} which is of the same form as the decomposition of 
{xih)-, ■ ■ ■ , xi^n)} in terms of {x(^'i)) • • • i xi^'n)}- This means that M is diffeomorphism 
invariant i.e. M = ^xi^) "-^xi')' Clonsequently, the definition under consideration is 
correct. It is obvious that 

x(21a) = %(a), 

where xW •= x(^) in the ISQ case and xW ■= in the FSQ one. 

Let us now describe how the diffeomorphisms act on the space of states T>. Consider 
first the set of pure states of a system 21a which can be identified with the Hilbert space 
TCx- The action of diffeomorphism reads (compare with (|3.63|) ') 

nx3^= T ciJ ^ := ^*xic)^ G n^iX) , (3.64) 

^''The loops x{^) — {x(^i)) • • ■ > xi^n.)} are based at xiv) but they still can be used by virtue of 13.6211 . 
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where G L'^{R^,dx) with AT = dim^^. Thus we obtained a unitary map from Hx 
onto which defines an isomorphism 

X:eA^%A)- (3.65) 

Since T>\ can be naturally seen as a subset of B\ the map x defines an isomorphism 
from Vx onto 2^t^(a) which will be denoted by the same symbol. 

Lemma 3.24 For every analytic isomorphism x 

XOTTAA'OX"^ =7r^(A)x(A')- 

Proof Let A' = £' > A = £ in the ISQ case or A' = {F', £') > A = (F, £) in the FSQ 
one. Denote by £' (C) a set of independent loops generating £' (C). Then the projection 
and the set 

pr :=2-^(£)opr-(^)-(^,)OT-i^,^, 
^AA' ■= ^x{C'Mx{y)xW) 

do not depend on the choice of %. It is clear that 

M^' = kerpreMA'A, 

where A'"' denotes the number of loops in C. The above decomposition defines a projec- 
tion TT from the set of density matrices on (M-^ , dx) onto the set of density matrices 
on L^(]R^, dx), where N is the number of loops in C. 

Denote by r/£ an isomorphism from the algebra of bounded operators on dx) 
onto Bx induced by the unitary map 2^ : L^(R^, dx) —^ Hx- We can conclude now that 

^ = ° '^x(A)x(A') ° VxiC) 
independently on the choice of It means in particular that 

vc^ o TTAA' o = v^lo ° ^mx{y) ° Vxic')- 

Now it is enough to note that x = VxiC) ° Vc^- * 

The lemma just proven means that the following map 

XP = X{P\} ■= {XPx} (3-66) 

maps D onto itself. 

We say that a state p € T> is a solution of the diffeomorphism constraint if and only 
if it is diffeomorphism invariant, i.e. for every (analytic) diffeomorphism x 

XP = P- (3-67) 
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3.6.1 DifFeomorphism invariant states in the ISQ case 

In the present subsection we are going to show by an exphcite construction that in the 
ISQ case there are a lot of diffeomorphism invariant states in V. 

Consider a Hilbert space fix with X = C. We know that modulo the change of 
orientation and the holonomical equivalence the set {li, . . . ,l]sf} of almost analytic in- 
dependent loops generating the tame group C is unique. Thus there is a distinguished 
isomorphism 

^A = W^(r,)®...®W^([,), (3.68) 

where C{lj) is a tame group of hoops generated by the hoop Clearly, this isomorphism 
is generated by the maps {9\\j}, where A/ = C{li). 

As we know already, X' = C > X = C if and only if the set {li, . . . , l]\f} of indepen- 
dent loops generating C is (again modulo the change of orientation and the holonomical 
equivalence) a subset of the set . . . , I'j^,} of independent loops generating C. Con- 
sider now the projection ttw which reduces some quantum degrees of freedom described 
by the Hilbert space 

It is easy too see that degrees of freedom undergoing the reduction are described by those 
Hilbert spaces {Ti-^j,^} for which the corresponding loops {I'j} do not belong (modulo 
the change of orientation and the holonomical equivalence) to {/i, . . . , ?jv}. 

Thus in the ISQ case every Hilbert space TCx can be naturally and unambiguously 
decomposed into the tensor product H3.68() . Moreover, the decomposition provides us 
with a simple description of the projections ttaa'- 

Let us start the construction of diffeomorphism invariant states by defining an equiv- 
alence relation on the set ALj^ of all almost analytic loops based at the fixed point y. 
We say that the loops li and I2 are equivalent if and only if there exist an analytic 
diffeomorphism x on E such that 

x{C{h)) = {C{h)). (3.69) 

Now, denoting by [Z] the equivalence class of an almost analytic loop Z, consider the 
following map 

W-P(W), 

where p{\l\) is a density matrix on the Hilbert space -L^(]R, dx) such that it is preserved 
by the unitary map on the Hilbert space defined by M 9 x 1-^ —x. This density matrix 
can be mapped naturally into a density matrix p{C{l)) on 'H^^jy Indeed, the Hilbert 

space T~i-£_{i) obviously isomorphic to L^(M, dx). In fact, there exist two distinguished 
isomorphisms between the Hilbert spaces: one given by and another one given by 
Tjj-i}.. Then it is easy to see that thanks to the assumed special property of p([/]) the 
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two distinguished isomorphisms between L^(M, dx) and T~(-c{i) map p{[l\) to the same 
density matrix. Thus we have constructed a map 

£([) ^ p(£([)) G 

which commutes with the action of every difFeomorphism 

Xp{C-{l))=p{x{C{l))). (3.70) 

To construct a diffeomorphism invariant state it is enough to decompose every Hilbert 
space Tlx as it was done in Equation ()3.68|) and define 

px ■■= p{C[h)) . . . ® p{CijN)) G V^^j^^ (g) . . . V^^j^^ C Vx. 

It is straightforward to check that for every pair A' > A 

TTAA' PA' = Pa- 

Thus p = {px} is an element of V. Consider now the action of an analytic diffeomorphism 
X on the density matrix px- Equation (|;-i.7()j) gives us immediately 

XP\ = Px(x) 

which means that the state p is diffeomorphism invariant. 

Of course, every convex combination of (a finite number of) diffeomorphism invariant 
states is a diffeomorphism invariant state also. Thus we have obtained a plenteous 
set 2?ph of diffeomorphism invariant states which are, of course, also Yang-Mills gauge 
invariant. Therefore we can treat the set Vpi^ as the set of physical states of the 'toy 
theory'. Moreover, since Pph C T> Yang-Mills gauge invariant quantum observables in 
B can be evaluated on the states in I'ph, which means that we do not have to look for 
diffeomorphism invariant observables (see Subsection 14.61 for more details). 

This completes the infinite system quantization (ISQ) of the 'toy theory': the result- 
ing quantum model 5ph is the C*-algebra B constructed in Subsection 13.5.21 equipped 
with the set Pph of physical states. 

3.6.2 Diffeomorphism invariant states in the FSQ case 

Unfortunately, because of the complexity of the space P in the case under consideration 
we are not able to find any solution of the diffeomorphism constraint and we cannot 
exclude a possibility that such solutions do not exist in this case or that the number 
of them is not sufficiently large to provide an acceptable quantum model of the 'toy 
theory'. 
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One can try to overcome this problem in the following way. Note that the map x 
on T> defines a map^^ x* on the algebra B: given a G B, x*o is a unique element of the 
algebra such that for every p G P 

ixp)ia)=pira). (3.71) 

Now, a state p is diffeomorphism invariant if and only if 

p{a) = p{x*a) for every a G B. 

Because we do not know how to find a state satisfying this condition we can weaken it 
be requiring 

p{a) = p{x*a) for every a £ B' 

where B' is a subalgebra of B which is sufficiently large to serve as an algebra of ob- 
servables. One can hope that there may exist states in D which are diffeomorphism 
invariant in the weaker sense just described. 

4 Discussion 

In this paper we have quantized a diffeomorphism invariant theory of connection with 
a non-compact structure group using a strategy based on the projective techniques by 
Kijowski combined with the LQG methods. It should be stated clearly that our goal was 
not the quantum model of the 'toy theory' by itself — we rather wanted to check whether 
the strategy can be applied to quantization of a theory of connection. Although we 
were interested in the application to the non-compact case it seems that the strategy 
does not distinguish between the compact and non-compact case since the 'forgetting' 
operator (|.S.21|) can be defined once a split of a (separable) Hilbert space into the tensor 
product of two others Hilbert spaces is given — it is absolutely irrelevant whether the 
Hilbert spaces are defined as spaces over compact or non-compact spaces. 

However, the fact that the strategy passed the test cannot be considered as a success 
because we do not know whether it was because of the power of the strategy or because of 
simplicity of the 'toy theory'. In other words, we still do not know whether the strategy 
can be applied to any non-trivial theory, in particular, to GR in terms of the complex^^ 
Ashtekar or the real Ashtekar-Barbero variables. Such an application does not seem 
to be easy: when one tries to apply the strategy to GR he immediately encounters 
problems caused by non-commutativity of the structure groups, respectively, SL{2,C) 

^^X is in fact an isomorphism from B}, onto S^(a) (see 13.6511 1. The map x* maps Bx onto Bj^-i(^x) 
and coincides with ■ 

^^Of course, in this case we would also have to solve the problem of the reality conditions. Since we 
do not have any idea how to do this we will neglect the problem in the present discussion. 
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or SU{2) e.g. the Yang-Mills gauge transformations are much more complicated than in 
the commutative case, the scalar constraint does not vanish. Thus it is not obvious that 
the strategy can be successfully applied in the case of any non- commutative structure 
group. It is possible that the strategy just exchanges the non-compactness problem 
into the non-commutativity one i.e. that the inductive techniques work well only in the 
compact case, while the projective ones do well only in the commutative one. 

After this warning let us turn to the quantum 'toy theory'. The first fact we should 
comment on is that we were not able to complete the quantization procedure in the 
finite system quantization (FSQ) case — let us recall that in this case the space P of 
Yang- Mills gauge invariant quantum states turned out to be quite complicated and this 
is why we did not managed to find any solution of the diffeomorphism constraint in 
this space. The complexity of P comes from the relation 'system-subsystem', or more 
precisely, from the choice of ^a'A (Definition I.S . 1 7|) which is based on both the space F 
of flux operators and the space Cyl^ of cylindrical functions. Since this seems to be 
the only natural choice in the case under consideration the non-existence of solutions of 
the diffeomorphism constraint, if proven, will evidence that FSQ is not appropriate for 
quantization of the 'toy theory', or in general, of diffeomorphism invariant theories. 

Here we treat diffeomorphism invariant elements of V as solutions of the diffeomor- 
phism constraint i.e. as physical quantum states. Therefore the existence of a large 
number of such states is desired. However, if one would be able to show that there exist 
only a few such states and that one of them is somehow distinguished then we could 
use this state to define a diffeomorphism covariant representation of the algebra B on a 
Hilbert space via the GNS construction, which could lead to a completion of FSQ. 

Another question is whether FSQ can be applied to background dependent theories — 
the discussion presented in Subsection 13.3.31 shows that this method is applicable at the 
kinematical level to any theory whose phase space can be expressed as a projective limit 
of a family {T-'k , pr^^/ } such that (i) the phase spaces {Vk} are finite dimensional linear 
spaces and their Poisson structures are non-degenerate (see Definition 13. 8|) and (ii) the 
projections preserve the polarization of the phase spaces and the Poisson structures. 

Let us turn now to the model obtained by infinite system quantization (ISQ) — the 
following discussion will be devoted exclusively to it. 

4.1 Almost analytic loops 

The first question one can ask is whether the application of the almost analytic loops 
(Definition I3.12j) in ISQ can be justified, i.e. whether these loops provide sufficiently 
plentiful set of functions {hi}. To answer the question it is enough to check whether 
the functions separate points on A/G, where Q is the group of Yang- Mills gauge trans- 
formations given by Equation ()2.14|) . In our case the group ^ is a space of real smooth 
functions on S with the group action defined as pointwise addition. The quotient A/Q 
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can be easily described when the first de Rham cohomology of S is trivial. Indeed, 
consider then two connections Ai, A2 A and their curvature two-forms Fi,F2 respec- 
tively. Then Fi = F2 implies that d{Ai — A2) = and, by virtue of the triviality of the 
cohomology, we have 

A^ = A2 + dQ 

for 0, ^ Q. Thus under the assumption about the first de Rham cohomology two 
connections define the same element of the quotient space A/G if and only if their 
curvature two-forms coincide. Assume then that Ai,A2 define different points in A/Q. 
Then there exists a point y G S such that Fi{y) / -^2(2/)- Let (y^) be a local coordinate 
frame with the origin at y such that the components -Fi,i2(y) and -F2,i2(y) of the curvature 
two-forms are not equal. Since a holonomy hi(Ai) (i = 1,2) along a small (analytic) 
loop / lying in the coordinate 'plane' given by = and surrounding y approximates 
the components the function hi separates the two points in A/G- 

4.2 ACZ algebra 21 and the algebra B of quantum observables 

Let us remind that the first step of the quantization strategy applied here to the 'toy 
theory' involves the construction of the ACZ algebra 21 (Definition 13. 5|) as the algebra 
of classical observables. At the end of the procedure we obtained the algebra B defined 
by Equation (|3.61|) interpreted as the algebra of quantum observables. Now we are go- 
ing to check whether the relation between the two algebras coincides with the relation 
between algebras of classical and quantum observables given by canonical quantization 
procedure. Recall that according to this procedure given algebra 2to of classical ob- 
servables is extended to a *-algebra Stg of (possibly abstract) operators, next one finds 
a *-representation Tq of 2to on a Hilbert space. At this point one defines the algebra 
Bq of quantum observables as the algebra of bounded operators on the Hilbert space. 
Thus if a € 2to defines a S 2lo such that d* = d then To(d) is a self-adjoint^^ operator 
and consequently exp(iiTo(d)) (i G M) belongs to Bq. Thus the canonical quantization 
defines the following sequence of operators: 

2lo 9 a I— > d I— > To(d) 1-^ exp(itTo(d)) G Bq. (4.1) 

Now let us try to build an analogous sequence leading from the ACZ algebra 2t to the 
algebra B. 

Let 21 be an algebra of linear operators on Cyl generated by elements {^', 05,/}, 
Cyl 3 ^ := ^ G Cyl, 

(4.2) 

Cyl 3 ^ 4>s,f^' ■= i<Ps,f^', (l>SJ G ^• 

^^In fact, To (a) is in general only symmetric on some dense domain but let us assume that it is also 
self- adjoint. 
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where ^ and (psj run through all elements of 21 of this sort. Assume now that the 
seemingly natural formulae 

^* = t, ^*sj = ^sj 

provide a well defined * involution on 21. Denote by 21^ a subalgebra of 21 generated by 
21a which means, in particular, that 21a preserves the space Cyl^_^. Let J\ be a (right 
and left) ideal in 2tA defined as 

J^:={ae^x\ oCylf^^ = 0}. 

Then it is easy to see that 

= ^x/Jx, (4.3) 

where 2tA is the *-algebra defined by (|3.41|) . 

Now we can write down the following sequence of operators: 

^Bah^di-^dx^ Tx{dx) ^ exp{itTx{dx)) A{£ B, (4.4) 

which should be understood as follows: an element a of 2t generates a € 21. Assuming 
that a G 2tA we can project (see (14. ^I) ) a G 21 onto dx G 21a. If = «a t^^n Tx{dx) is a 
self-adjoint operator on Hx which defines a unitary operator exp(iiTA(aA)) € Bx- The 
latter defines via the inductive limit (|3.61|) the operator as an element of B. 

Comparing the sequences ()4.1() and ()4.4|) we see that, in the case of canonical quan- 
tization the classical observable a is associated with exactly one quantum observable 
exp(iiTo(a)) (or, more precisely, with exactly one family of quantum observables) . In 
the case of the 'toy theory' if a belongs to 21 Aq then it does to any 2tA such that A > Aq. 
Consequently, the operator d undergoes many distinct projections given by distinct ide- 
als {v7a} resulting in many {dx} which, in general, are also distinct as we will see soon. 
It seems then that in this case the classical observable a is associated with many distinct 
quantum observables A^. The question now is whether the operators {A^} (or {rA(aA)}) 
can be combined in a way into a single operator which could be evaluated on D (or on 
a subset of 2?) and be interpreted as a quantum counterpart of a. 

The answer to that question is negative as we will show by setting a = 4>SJ- Let us 
start by rewriting the sequence (|4.4() : 

21 9 (j)sj ^ (psj ^ 4>sj,x ^ Tx{(i>sj,x) ^ eyip{itTx{4'sj,x)) ^ ^sj,x ^ ^- (4.5) 

Note that any flux operator (psj belongs to all subalgebras {2tA} hence the r.h.s. of the 
above sequence is well defined for every A. 

Given X = C, the ideal J^x contains inter alia all linear combinations of those flux 
operators which vanish on holonomies along hoops belonging to £ but whose action on 
holonomies along the other hoops are arbitrary. The consequence is that the operator 
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0S,/,A can 'see' only hoops being elements of L and is 'blind' with respect to the others. 
It is clear now that for A 7^ A' we have J\ ^ J\i and, in general, 

05,/, A 7^ 4>s,f,y- 

Now let us focus our attention on the operator Ta((/'5j,a)- It is unbounded and (es- 
sentially) self-adjoint and its (dense) domain is pr^~^Cyl| C Hx {X = C). Consequently, 
the operator cannot be evaluated on the whole Vx- We define then Vf cVxdiSa set of 
finite convex combinations of density matrices of the form 

|*)(^|, ^' e pr^-iCyl|. 

Evidently, evaluation of Ta(<^5,/,a) on Vf provides a finite result^*. Define 

■.= {p = {pa} G P I pa e ^^a for all a G a } 
and consider p G . Then, in general, for A' 7^ A 

{Tx'{4>s,f,x'),Px') 7^ {Tx{4>s,f,x),Px)- 

This inequality holds even if A' > A — the reason for this is twofold: (i) the projection 
from pa' to pA annihilates some non-trivial information contained in pA' and (ii) the 
operator Tx{4>sj,\') can 'see' the hoops belonging to C = A', while Tx{4>s,f,x) can 'see' 
those belonging to £ = A only. Thus the operators {Tx{(t)sj,x)} cannot be combined 
into a single one which can be consistently evaluated on . 

As the last resource, we can try to combine {Tx{4>s,f,x)} into a single operator by 
means of the limit 

\im{Tx{4>sj,x),Px)- (4.6) 

A 

However, this limit do not exists. To convince ourselves about that consider a Schwarz 
function ^ on M such that 

/ i/;iljdx = l and / ipd^^ip dx 0. (4.7) 
Jr Jr 

Given almost analytic loop /, choose its orientation in such a way that 

_-2</)5,//ii = fi>0. 

^^For px 6 ©f we have 

n 

I {Tx{4>sj,x),Px) I = I ^(*i|T,(0s,/.A)*i)A I < 00, 

1=1 

where (•|-)a is the scalar product on Hx, and {^i} are vectors in the Hilbert space. 
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Next, by means of J^iy map the density matrix \Tp){ip\ to one in T^^i^ which will be 

denoted by p{C{l)). Combine all {p{C{l))} into a state p S . By direct calculation 
we get 

N 

{Tx{4>s,f,x),Px) = / i^d.^ljdx, (4.8) 

1=1 

where the loops {Zi, . . . , Zjv} generate the group C = X. It is clear now that in this case 
the limit H4.6() is divergent unless 4>sj = 0. 

The above discussion can be summarize as follows 

Corollary 4.1 There is no natural way to evaluate any flux operator 4>sj on T>^ . In- 
stead there is a net of operators {Tx{4>s,f,x)} each of them can be evaluated on Vf. 



Similarly, the unitary operators 

{exp{itTx{4>sj,x))} (4.9) 

belonging respectively to {Bx} do not define any single operator in B. To see this 
consider A' > A. Then there using the embedding vr^^, introduced in Theorem 13.231 we 
get 

^AA' exp(itrA(05,/,A) ) = id (g) u^\exp{itTx{(i>s,f,x) ), (4.10) 

where id is the identity operator on the Hilbert space Hx'x given by the decomposition 
(|3.52|) . and ma'a is defined by (|3.53|) . In general, the r.h.s. of (|4.10j) do not coincide with 
exp{itTx' {(l)sj,x') )• In other words, the net 1)4. 9|) of exponentiated operators does not 
define any single element of B but each of them defines via the inductive limit a distinct 
operator 

^5,/,A = 1™ ^A'A exp{itTx{^sj,x) ) G B. (4.11) 

appearing at the end of the sequence 1)4. 5() . 

One can still ask whether the net {^sfx} convergent in a topology on B. Here 
it is natural to consider two topologies: the norm topology i.e. one defined by the C*- 
algebra norm on B) and the weak topology. The convergence of the net {$5 j ™ 
weak topology would mean that the net 

{^sj,x^p) = {exp{itTx{4^sj,x)),Px)- (4.12) 

is convergent for every p ^ D. The answer to the question we are able to give now is not 
complete and can be formulated as the following lemma which is proven in Appendix IfI 



The symbol I'^fj-j was introduced in Subsection 13.6.11 
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Lemma 4.2 Suppose (psj 7^ 0. Then 

1. the corresponding net {^g^x} ^-^ divergent in the norm topology. 

2. For every p ^ D the net H4.12() is bounded 

Kf*S,/,A,P)l<l- 



Moreover, the equality holds if and only if ^% f x ^'^^^ of B. 



3. If p = {px} is such that for every A € A 



px = p{C{h))^---'^p{C{lN)), 



where {/i, . . . , Z^v} <ire independent loops generating C = X, C{li) is a tame group 
generated by the loop // and p{C{Li)) € D^^n \, then 




Although we have to leave open the issue of the weak convergence of the net {^^j^i} 
the result H4.13() suggests that the net may be convergent to zero. 

The discussion presented above can be summarized by saying that the relation be- 
tween the ACZ algebra algebra and B seems to be essentially different from the relation 
between the algebras of classical and quantum observables obtained by applying canon- 
ical quantization: the sequences ()4.1|1 and ()4.4|) appear to be not reconcilable. 

Let us finally note that above we were considering some operators evaluated on the 
spaces V and T)^ of states which are only Yang- Mills gauge invariant. Let us check 
what would happen if we restricted ourselves to diffeomorphism invariant states in 2?ph 
and T)^ n I'ph- While Lemma 14.21 is insensitive to this restriction (see its proof in 
Appendix El) Corollarv 14.11 has to be reformulated. The reason is that now the states 
{p{C{l))} used to derive Equation (|4.8() cannot be chosen arbitrarily since there can 
exist a diffeomorphism x such that x(0 = Then the diffeomorphism would induce 
an action on every and every {p{C{l))} would have to be invariant with respect to 
the action. To ensure the invariance it is enough to require that the function ip defining 
{p{C{l))} satisfies ipi—x) = e^*tp{x) for some real t (the map x i— > —x on M corresponds 
to the change of the orientation / caused by x)- Such a ^p, however, does not satisfy 
the second requirement of (|4.7|) . What we can do in this situation is to replace that 
requirement by 




and show that the net 



lim{Txi4>sj,x),Px)- 



(4.14) 



is also divergent. Hence we have 
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Corollary 4.3 There is no natural way to evaluate the € 21 on T>^ flPph- Instead 
there is a net of operators {Tx{(p's f \)} c^c/i of them can be evaluated on Vf. 

4.3 Comparison with the compact case 

At this point we are able to perceive some important differences between the quantum 
'toy theory' and a quantum model in the compact case like e.g. LQG. Let us begin by 
analyzing the space of quantum states. 

In the compact case the space of (pure) quantum states is the Hilbert space Ti. = 
L'^ {A, d/j, Ah) , where A is the Ashtekar-Isham configuration space of generalized connec- 
tions |22| I14j and dfiAL is the Ashtekar-Lewandowski measure j.l5J on A. The Hilbert 
space Ti. can be obtained equivalently by means of the inductive limit On the 

other hand the space T> of quantum states of the 'toy theory' is defined as the projective 
limit ()3.6U() and is not a Hilbert space. 

Let us now emphasize another essential difference between the spaces V and 7i. 
Given a tame hoop group C = X, in the former case there exists a canonical projection 
tta : P — > Vx, while in the latter one, there exists a canonical embedding : Ti-y 7i 
where 7 is a graph. Since any projection is equivalent to a loss of some information any 
state px := nxp belonging to Vx should be considered only as an approximation of the 
state p € V no matter how large and complicated the group C is. On the other hand, 
every state G TC^ is naturally identified with a state v := p^v^ € i.e. it is just a 
state, no matter how trivial the graph 7 is. Thus to use the projective techniques to 
build the space of quantum states means to construct the space by a sequence (or, more 
precisely, by a net) of approximations. 

Note moreover that every vector in is a sum of at most countable cylindrical 
functions (like e.g. spin-networks — see [2310])) and every cylindrical function depends 
on holonomies along finite number of edges. Consequently, every vector can be seen as 
a function depending on at most countable number of degrees of freedom represented by 
the holonomies. We can state this equivalently: every state depends on all the degrees 
of freedom but for most of them the dependence is trivial. 

This is, however, not true in the case of the quantum 'toy theory': given loop /, every 
state p € T> can be projected to px, where A = C{1) is the tame group generated by /. 
Since px is a density matrix on the Hilbert space Tix defined as a space of L'^ functions on 
a non-compact space A^^^-j = R it cannot be represented by where ^' is a constant 

function on A^^^-j . Thus px does depend non-trivially on the degree of freedom defined by 
the holonomy along the loop /. Consequently, every state p depends non-trivially on all 
the (configuration) degrees of freedom which constitute a set of uncountable cardinality. 
This conclusion should not be surprising: in quantum mechanics we define the space of 
quantum states as a set of square-integrable functions on a non-compact configuration 
space and then each function depends non-trivially on all degrees of freedom. Here we 
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state 



flux operator 



compact case 



countable 



uncountable 



non-compact case 



uncountable 



finite 



Table 1: Number of degrees of freedom on which a state and a flux operator depends 
non-trivially. 



just obtained an analogous result. 

Now let us focus our attention on Equation (|3.9|) which (together with Equation 
(|3.8j) ) deflnes a flux operator. Given space Cyl^, the flux operator cpsj is defined as 
a finite sum of derivation operators such that each of them corresponds to a degree 
of freedom defined by the holonomy along a loop. Denote by 4's,f,i such a derivation 
operator associated with the loop /. Then (psj as an operator on the whole Cyl can be 
expressed as 



where the sum runs through all tame groups generated by single loops. Thus the fiux 
operator is given by an uncountable sum of operators corresponding to single degrees 
of freedom. In the compact case flux operators can also be expressed similarly as an 
uncountable sum (see e.g. [5]). 

We can see now why it is possible to define the action of flux operators on 7i (i.e. in 
the compact case), and why it is impossible to evaluate flux operators on V (i.e. in the 
non-compact case) — in the former case a state depends non-trivially only on at most 
countable number of degrees of freedom, so each time the flux operator acts on a state 
the uncountable sum in ()4.15|) reduces automaticly to a countable one. In the latter 
case this is not true since the states in T> do depend non-trivially on all the degrees 
of freedom. Thus in this case we are forced to reduce the sum by restricting ourselves 
to a flnite number of operators {(ps,f,i} obtaining as the result the net of the operators 

The above discussion is summarized in Tabled 
4.4 Discretization of geometry 

There is a common belief that quantum gravity may provide a discreet picture of the 
space-time instead of the continuous one assumed by general relativity. LQG partially 
supports this belief: quantum operators corresponding to basic geometric quantities like 
area and volume have discrete spectra [SHlElEni) but still these operators are associated 




(4.15) 



£(0 



57 



with regular subsets of the space-Hke manifold S like e.g. bounded two-dimensional 
(analytic) submanifolds in the case of the area operator. 

In the quantum 'toy theory' the situation is quite different. We do not have, of 
course, any operators corresponding to classical area or volume since the classical 'toy 
theory' does not provide us with any metric. Therefore the only thing we can do is to 
analyze the quantum counterparts (|4.11|) of classical fluxes of the momentum field across 
surfaces in S. However, Lemma l4.'2l provides an evidence that {^^g ^ define 
any non-trivial operator being a counterpart of the original flux operator (pgj G 21. If 
this is really the case we are left with operators which do not corresponds to the entire 
surface S underlying (psj since, given f X' surface S intersected originally by 
uncountably many loops is reduced to a finite number of points and to a finite number 
of loops passing through them. Thus in the 'toy theory' what seems to undergo the 
discretization is the surface as the set of points, while in the LQG case it is rather 
a feature of the surface (i.e. the area) which does not depend merely on that which 
points constitute the surface. We can say then that in the case of the 'toy theory' the 
discretization appears to proceed at the more fundamental level than in the LQG case. 

Given surface S and smearing function / on it, one can ask which operator ()4.11() 
should be considered as one representing the classical flux across S. The only (and 
possibly naive and wrong) answer we are able to give now refers to the interpretation of 
a state px € Vx as an approximation oi p = {px} G V. Recall that p depends essentially 
on the uncountable number of configuration degrees of freedom, so the whole information 
encoded in it is not available for us. We are then forced to use only a finite number 
of measuring instruments {/i/j , . . . , /i;^} which results in doing an ordinary quantum 
mechanics on = where C is generated by {Zi, . . . , Zjv}. Now, the choice of 
the instruments {/ij^,... leads naturally to the operator 4>s,f,\ with X = C, and 

consequently to the corresponding discretization of the surface S. Thus the discretization 
in the quantum 'toy theory' seems to be observer- dependent — it depends on how (i.e. 
by means of which instruments) the observer perceives the physical reality. 

Taking into account the above conclusions we cannot exclude that if someone will 
manage to apply the quantization method presented in this paper to GR written in terms 
of the SL{2, C) connections then it will be not possible to define a single area operator 
corresponding to a surface as a submanifold of S — it may happen that non-compactness 
of SL{2, C) will force an analogous reduction of the surface to a finite set of points. This 
indicates that the change of the topology of the gauge group may result in a non-trivial 
change of the quantum theory which may force us to rethink some important geometric 
notions like the notion of a surface. In particular, it may be necessary to elaborate a 
new approach to the calculation of black hole entropy. 
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4.5 Diffeomorphism invariant states on B 



In the Subsection 13.6.11 we constructed explicitly quite plentiful set of diffeomorphism 
invariant states on the C*-algebra B. This is in sharp contrast with the compact case 
where there is precisely one diffeomorphism invariant state [27j on the algebra of quan- 
tum observables which is the holonomy-flux *-algebra 2thf Let us now point the 
causes which are responsible for the difference. 

Note first that B contains exponentiated flux-like operators {^^s f x} while 2lhf does 
just flux operators. To make the comparison more transparent let us first 'unexponen- 
tiate' the operators {^^s f x}- Consider then an algebra of linear operators on Schwarz 
functions Sjv generated by all multipliers Mjv and derivative operators. Note that there 
is a natural ^-involution on it. Given X = C, we can use the map Ic (|3.6|) to pull back 
the algebra onto a *-algebra of operators acting on T^(S7v) C Hx- Denote this new 
algebra by By It is clear that Tx(21a) restricted to I'^{Siy) is a subalgebra of By Given 
A' > A, taking into account Equation ()4.1U|) we define a map 

B'x3 ax^ -n-lx'i^x) ■= id ^^va^a e By, 

where id is the identity operator on the Hilbert space Hx'x given by the decomposition 
(|3.52|) and ma'A is defined by (|3.53j) . Thus we obtained an inductive family {ByiTxy} 
whose inductive limit B' can be thought as generated by cylindrical functions Cyl and 
all flux-like operators {4>sj,x}- Thus the algebra B' resembles 2lhf much more closely 
that B. 

It is clear that by applying the construction of diffeomorphism invariant states pre- 
sented in Subsection 13.6.11 we can obtain a large set of diffeomorphism invariant states 
on B'. This means that the reasoning of 27^ which leads to the uniqueness of diffeomor- 
phism invariant state on Sl^f does not work in the case of B'. There are at least three 
reasons for this: 

1. in j2Zj it is required that a diffeomorphism invariant state uj on 2thf is invariant 
with respect to all semi- analytic diffeomorphisms on S which form a larger group 
that analytic diffeomorphisms used in this paper; 

2. the crucial step of the proof of the uniqueness theorem of |2Zj shows that for every 
flux operator Xsj 

Lo{X*sjXs,f) = 0. (4.16) 

This result is obtained by observing that the expression uj(Xg jXsji) defines a 
diffeomorphism invariant scalar product between functions on S and by showing 
that the invariance forces the product to be zero. This reasoning cannot be applied 
to B' since the fiux-like operators {4>s,f,x} are not associated with surfaces but with 
finite subsets of S. 
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3. in the cylindrical functions are defined over graphs embedded in S. In this 
case edges of a graph can be considered as compositions of edges of another one 
i.e. we can transform a (smaller) graph into another (bigger) one by splitting its 
edges. In the case of B' the cylindrical functions are defined over loops (as a special 
kind of graphs) which are almost analytic. As stated by Lemma 13.141 no almost 
analytic loop can be a composition of other such loops. This property is also a 
reason of plentitude of diffeomorphism invariant states on B'. 

To see this assume that the loops are just piecewise analytic and consider edges 
{eo, ei, 62} sharing the same beginning point and the same final one. Suppose also 
that there exists a diffeomorphism x such that xi^i) = Cj+iimods ^^'^ define loops 

lQ:=e~^oe2, h := e^^ o cq, I2 ■■=6^^061. 

Let p be a diffeomorphism invariant state constructed by the method presented in 
Subsection 13.6.11 Consequently, each p{C{li)) {i = 1,2,3) is defined by a density 
matrix /o([/i]) on L^(R, dx). Since xik) = ^i+i|mod3 the matrix p([/t]) does not 
depend on i. Because Iq^ = li 0I2 for every bounded function ■0 on R understood 
as a bounded operator on L^(M, dx) there holds the following condition 

{pi[k]),Ki;) = {pi[k])®pm),Ai;), (4.17) 

where 

{Klp){x) = 1p{ — x) 

and Alp is a bounded function on M? given by 

{Aip){xi,X2) = tpixi + X2). 

We thus see that if we allowed the loops to be decompositions of other ones the 
number of diffeomorphism invariant states constructed in Subsection 13.6.11 would 
be considerably reduced by the condition 1)4. 17() . However, this condition is not 
valid when the loops are almost analytic. Note also, that the set of almost analytic 
loops is not preserved by semi-analytic diffeomorphisms used in |23 and this is 
the main reason why in this paper we use only analytic ones. 

We conclude that (i) application of analytic diffeomorphisms, (ii) the discretization 
of the surfaces in the case of the flux-like operators and {Hi) application of almost 
analytic loops make the diffeomorphism invariance much less restrictive than in the case 
considered in j27j and therefore the set of diffeomorphism invariant states on B', and 
consequently, on B is very large. 
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4.6 Diffeomorphism invariant quantum observables 

At the end of the discussion we would like to mention an issue concerning quantum 
diffeomorphism invariant observables in the 'toy theory'. Let us start by comparing the 
diffeomorphism invariant states in both compact and non-compact case. 

The action of diffeomorphisms on the Hilbert space Ti. as a space of quantum states 
in the compact case is defined by a formula analogous to 1)3. 64|) i.e. diffeomorphisms 
act only on graphs underlying cyhndrical functions. As discussed in Subsection 14.31 
every state in Ti. depends non-trivially only on at most countable configuration degrees 
of freedom. Since every degree of freedom is defined by the holonomy along an edge 
every state discriminates between the edges: some of them correspond to these degrees 
of freedom on which the state depends trivially, some correspond to those on which 
it depends non-trivially. It is clear that, given state in 7Y, the diffeomorphisms do not 
preserve the division of the edges into the two classes. Hence there are no diffeomorphism 
invariant states in Ti. except those defined by constant wave functions (in latter case 
all edges belong to the 'trivial' class). Therefore for solutions of the diffeomorphism 
constraint one has to look in a space dual to a dense subspace of |S] . 

In the case of the quantum 'toy theory' the situation is different: any (Yang-Mills 
gauge invariant) state p G P depends non-trivially on (a degree of freedom defined 
by) every loop, so there is only one 'non-trivial' class of the loops and solutions of the 
diffeomorphism constraint can be found within D as it was shown in Subsection 13.6.11 

Let us turn now to operators evaluable on diffeomorphism invariant states in both 
compact and non-compact cases. In the compact case diffeomorphism invariant states 
are required to form a Hilbert space and, consequently, the operators acting on the 
states have to preserve the space. This means that the operators have to be in a precise 
sense diffeomorphism invariant also (see for details) and are interpreted thereby as 
diffeomorphism invariant quantum observables. 

In the non-compact case there is the natural action x* of the diffeomorphisms on the 
algebra B defined by Equation (|3.71j) . Thus one can look for diffeomorphism invariant 
elements of B. However, it is easy to see that the only diffeomorphism invariant elements 
are those proportional to the unit of B. The reason for that is the same as for the lack of 
non-trivial diffeomorphism invariant states in TC — B is defined as the inductive limit of 
operators acting on the Hilbert spaces {"^^a}- Consequently, every such an operator acts 
on a fixed Tix and distinguish those loops (or more precisely: those hoops) which belong 
to jC = A while neglecting the others. Thus there are no non-trivial diffeomorphism 
invariant quantum observables in the quantum 'toy theory'. 

On first sight this can seem to be a serious drawback of the theory. Note however that 
since diffeomorphism invariant states form the subset Pph of T> the evaluation of Yang- 
Mills gauge invariant quantum observables (represented by B) on is well defined. 
Moreover, the evaluation which can be naturally interpreted as the measurement of the 
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expectation value of an observable a € on a state p £ Dph provides a diffeomorphism 
invariant outcome, 

{a,p) = {x*a,p) = {x*a,XP)- 

Thus the quantum model of the diffeomorphism invariant 'toy theory' does not seem 
to suffer despite the lack of diffeomorphism invariant quantum observables. Maybe it 
is even allowed to consider this feature of the 'toy theory' as an advantage taking into 
account well known problems with defining sufficiently many classical diffeomorphism 
invariant observables in the case of GR (see e.g. HH])- 
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A Physical degrees of freedom of the 'toy theory' 

Here we are going to construct an injective map from the set ]0, l[xIR into the class (|2.9|) 
of solutions of the constraints such that 

1. given two distinct pairs (a,/3), (a',/3') s]0, l[x]R there is no gauge transformation 
which maps the fields corresponding to {a, (3) to ones corresponding to (a',/3'); 

2. given a g]0, 1[, the fields depend continuously on /3 G M. 

Assume that S = M^. Consider the cylindrical coordinates {p,(j),z) on it and a 
smooth function on S of the form 

b{p, z) = a{p) sin(p) ex.p{-z^), 

where a{p) is a non-negative smooth function on [0, oo] such that it is zero on [0, 27r] 
and is strictly positive on [27r,oo]. We assume moreover that for large p's the function 
behaves like a Schwarz function e.g. like exp(— p^). Note that the function b{p,z) 
distinguishes infinite 'rings' in E such that on each ring the function is either (strictly) 
positive or negative. 

Consider now a smooth non-negative function ^n,m (n = 1, 2, . . ., m = 0, 1, . . . , 9) on 
[0, cxd] X M such that (i) its support is a ball of the center at (27r -|- ^n, m) and the radius 
e <C 1 and (ii) the maximum value of i,n,m is 1 and is reached at precisely one point. 
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Given a €]0, 1[, let an be the n-th digit of the decimal expansion of a. Define 

oo o„ 
n=l m=l 

Evidently, (^q, is smooth, non- negative and not greater than 1. 
Note now that the function 

fa{pA,z) := b{p, z)Ca{p, Z) 

encodes the full information about the number a in its zero set: in the n-th 'ring' there 
are precisely q„ pairwise distinct circles on which the value of the function is equal to 
0. 

Define on S a connection one-form 

Aa,i dx" := [ / fa{p, 0, z') dz'] dr 
Jo 

and a vector density 

ii,^:=/3<7e"^X.fc, (A.l) 

where /? is a real number, g{p, z) is a smooth function on such that img = [0, 1] and 
5 = for /9 < 2tt, and 

Fa,ij dx^ A dx^ = fa{p, z) dz A dr 

is the curvature form of A^^i- It is easy to check that (i?^ ^, Aaj) is a solution of all the 
constraints (see and (HHU)). 

Consider now two pairs (S^ ^, Aaj) and (ii^^/ i^,,Aa'j) and assume that there exist a 
diffeomorphism x and a Yang-Mills gauge transformation such that they map the former 
pair to the latter one. This means that 

{x~^)*Fa = Fa' and X*Ea,f3 = Ea' ,l3' ■ 

The first equation implies that the zero set of Fq, is mapped bijectively onto the zero 
set of F^'- However, it is easy to realize that the zero set of F^ transformed by any 
diffeomorphism still encodes the full information about a. Hence a = a' . It follows 
from the second of the above equations that 

imf3{x'^)*g = im./3'g, 

hence (3 = (3' . 

This means that 

(a,/3) ^ {Ei^p,A^^j) 
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is an injective map from ]0, l[xR into the set of the gauge orbits contained in the physical 
phase space. Note moreover that, given a, the fields (-E^^, A^j) depend continuously 
on f3. Therefore we can say that /? parametrizes the degree of freedom corresponding 
to a fixed a. Since the interval ]0, 1[ is an uncountable set the 'toy theory' possesses an 
uncountable number of physical degrees of freedom. 

B Proof of Lemma 13.91 

Let us start by proving the following auxiliary lemma 

Lemma B.l Let {4>Si,fn • • • > 4^SnJn} ^ '^f linearly independent flux operators on 
Cyl. There exists a tame hoop group C such that the operators restricted to Cyl^ are 
linearly independent also. 

Proof Denote for simplicity = (pSiji a-nd define 

Hoi := span{ hi \ I ^hy }, 

where I^y is the set of all piecewise analytic loops based at ?/ € S. Assume that the 
operators {(pi, . . . , (p^} restricted to Hoi are linearly dependent. This means that there 
exists real numbers ai, . . . , a^v such that af + . . . + / and 

N 

Y,ai<Pihi = ^ (B.l) 
1=1 

for every I. It follows from ()3.14|) that for every ^ £ Cyl there exists a tame hoop group 
Co such that ^ G Cyl^^. Hence, according to Definition 13.41 ^ can be expressed by 
means of a smooth function ip on M*'^ = A.^^. Using H3.9|) we obtain 

N N M I 

1=1 1=1 J=l 

This means that {(pi, ...,(/> at} are linearly dependent on Cyl which contradicts the as- 
sumption of the lemma. Thus the operators are linearly independent on Hoi. 

Let L be a finite M-element subset of L. Consider now a system of equations given 
by HB.1|) and the loops in L. Since (pjhi is just a real number the system consists of M 
linear equations where real numbers ai, . . . , cat are unknown. Hence the solutions of the 
system form a linear subspace of which will be denoted by P^,. 

Note that linear independence of the operators {(pi} on Hoi means that 

r\^L=o, 

L 
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where L runs through all finite subsets of "Ly . Because L G L' implies that P^/ C Pl we 
have for any finite Lq C L^, 

n ^L = 0. (B.3) 

LdLo 

Since the operators are non-zero there exists -Ljv_i C hy such that dimPij^ ^ < 
— 1. Assume now that dimP^^^ -^ = — 1 and that for every L D Ln-i 

dimPL = iV-l and Pl = Pl^_j. (B.4) 

Clearly, the last condition contradicts ()B.3|) . hence there exists L' D Ljy^i such that 
P^, / Fl^_^. But then for any L D L' 

Pl cPl^_, np^. 

which means that dimP^ < N — 2 and the first condition of ()B.4|) can not be satisfied. 
The conclusion is that there exists finite L]\f^2 C Ly such that dimP2,^_2 < N — 2. 

Applying the above reasoning we can find in finite number of steps a finite subset 
Lq of l^y such that dimP^g = which means that the operators {(pi} are linearly 
independent when restricted to the set HoI^^q C Hoi spanned by holonomies along the 
loops in Lq. It is proven in fT^ that there exists a tame hoop group C such that hoops 
generated by the loops in Lq are elements of C. Hence HoIlq is a subset of Cyl^ and 
the lemma follows. ■ 

In order to prove that (A, >) is a directed set we have to show that (i) the relation > 
is transitive and that (ii) for any two Ai, A2 € A there exists A G A such that A > Ai, A2. 
It is clear that (z) is satisfied by virtue of the definition of the relation > — recall that it 
was defined by restricting the directing relation on {F} x {C} to A. What remains to 
be done is to prove that {ii) holds. 

Let Aj = (Fj, Ci) G A {i = 1, 2). Then the linear space Fi U F2 possesses a basis of 
the form {(pSiju • • • 1 'PsnJn} Lemma FB . 1 1 guarantees the existence of a tame group 
£-0 such that the operators {(pSijn ■ ■ ■ , 'PsnJn} linearly independent on Cyl^^. Let 
C > Ci ior i = 0, 1,2. Since Cyl^^ C Cyl^ (see 1)3. 14() ) then the operators are linearly 
independent on Cyl^ and consequently on the linear space spanned by holonomies along 
independent loops {li, . . . Jm} generating £ (see Equation ()B.2|) ). This means that 
M > N and that the matrix 

9IJ ■= [4>Si,fi,hij] = 4>Si,fihij 

is of the maximal rank. 

If M = then A := {FiL)F2, C) satisfies the condition (ii). In the case when M > N 
we can assume without loss of generality that the matrix (gij) given by /, J G {1, . . . , A^} 
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is non-degenerate. Thanks to the independence of the loops {h, ■ ■ ■ ,1m} there exist 
operators {4>SM+ufN+i^ ■ ■ ■ > <^5M,/Af} such that 

[4>s,,fi, hij] = 4>sijihj = Su- 
it is evident now that A := {F,C), where F is spanned by the two sets of operators, 
satisfies (ii). 

C Dependence of ttaa' on the choice of Ax^x 

Here we are going to show that the projection vr;^;^' : Vx/ Vx depends essentiahy 
on the choice of ^a'a i^i the decomposition (|3.16|) . Recall that (|3.16|) generates the 
decomposition of the Hilbert space TCy into the tensor product Tix'x (SD Ti-x'x and ttxx' 
is defined by evaluating the partial trace with respect to Tiyx and by identifying the 
resulting density matrix on fiyx with one on 7ix (to identify the matrices we use a 
natural unitary map between the two Hilbert spaces). In fact, this is the partial trace 
which is sensitive to the choice of ^a'A- We will show this by presenting a very simple 
example. 

Let M? (M) play the role of A^, (A^) and let the projection 

3 {x,y) 1-^ pr(a;,y) := x G M 

play the role of pr^^, . Clearly, ker pr is the y-axis Y of . Given Hilbert spaces 

L^{m?,dxdy) and L^i'K^dx), 

we want to find a projection vr which corresponds to the projection pr and maps density 
matrices on L'^{M?,dxdy) to ones on L^(M, dx). 

Let us choose a subspace of spanned by a vector (l,a) as the space ^a'A- 
Then the map 

R 9 a; Ba{x) := {x, ax) G Ma C 

satisfies pro^a — id (and hence is a counterpart of the map Ox'x introduced in Subsection 
13. Note that Y as ker pr and give us a decomposition of which is a counterpart 
of plfi|l . 

Now we are going to decompose the Hilbert space L'^{M.'^ , dydx). Let {x',y') be 
coordinates on given by 

x' = X 
y' = y — ax 
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Evidently, the condition x' = describes the axis Y while y' = does R^- Consequently, 
x' restricted to Mq is a coordinate on it while y' restricted to y is a coordinate on the 
axis. It is straightforward to check that 

X'{ea{x)) = X, (C.l) 

where x' is meant to be the coordinate on Mfj. Moreover, 

dydx = dy'dx' and dx' = 9a*dx 

where dx' {dx) is understood here as a. inGasurG on M.^^ (-^)* HcncG wg get th.6 d-Gsired 
decomposition of the Hilbert space L'^{W^,dydx), 

L^{W^,dydx) = L^{Y,dy')^L'^{Ra,dx'). 

Consider a density matrix p on L^{R'^,dxdy). As it was said above the projection 
TT should be defined by evaluating the partial trace try of p with respect to L'^{Y,dy') 
and then by mapping the resulting density matrix try p on L'^{Ra,dx') onto a density 
matrix irp on L^(M, dx). To evaluate the partial trace try we represent p by its integral 
kernel 

p{S:, y, X, y) = p{x', y' + ax, x' , y' + ax'). 
Then the kernel of try p is given by 

(tr,rt(i',x')=/p(i',.' + ai',.'.y + „xV!/' = 

Jr 

= / p{x',y',x',y' + a{x' -x'))dy'. (C.2) 

We see then that try p depends essentially on the choice of Mq. This dependence does 
not change after passing from try p to irp. It is clear that 9* defines the natural unitary 
map from L'^(Ka,dx') onto -L^(R, dx), hence the passage from try p to irp is given by 
this map. Applying (jCll) we obtain the formula describing the kernel of irp, 

{iTp){x,x)= / p{x,y',x,y' + a{x - x))dy', 
Jr 

which still depends on the choice of Ma- 

D Proof of Theorem 

Let dimVn' = 2A^' and dimP^ = 2A^ There exist linear coordinate frames 

{Pi,---, p'n') and {pi,...,pn) 

•^"This is because the existence of the symplectic form on Vk requires that the dimension of the space 
is even. 
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on, respectively, Ep, and Ep such that for / = 1, . . . , A'' 

P'l = W*pp,Pi- 
Similarly, there exist linear coordinate frames 

(x'l, . . . and {xi,...,xn) 

on, respectively, A^, and such that for / = 1, . . . , A'" 

x'l = pr^^, XI. 

Let 

G'rj' ■■= {p'r,x'j,},,i and Gu := {pi,xj},,. 

As it was already mentioned the matrices are invertible by virtue of the non-degeneracy 
condition occurring in Definition 13.81 Equation (|3.31j) implies now that for I,J = 
1,...,N 

G'lj = Gij. (D.l) 

Since one-forms {dpi,dxj) {I,J = 1, . . . , A^) form a global co-reper on Vk the con- 
dition H3.38() is satisfied for every smooth function ^ if and only if it is satisfied for the 
coordinates {pi,x j). Let us then fix pj and consider the vector field ^dpi on V^. Using 
H3.36() we can derive the following formula 



K = '^Gjjdpj A dxi 



IJ 



which gives us 



It is clear now that 



d 



j=i 



dx.. 



Q.'U^dpi) = Ql,,,{^dpi). 
The first condition of (|3.34|) allows us to write 

©K'ftC^j) = ( • • • ) ©k'kAT'C^j) ) = 

= (xi,...,XAr, e;:,^(^_^_i)(xj),...,G^,^^,(xj)), (D.2) 

where we have used the coordinates {x'j, ) on A^, to express the result of the action of 
point {xj) G A^. Hence we have 



dx' ' ^ '^^'^'^^''^^''dx','- 

J=l J K'=N+\ K 
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On the other hand, 

N r, N' 



Now, comparing the r.h.s.'s of the two latter equations we take into account ()D.1|) and 
thus obtain 

N 

d.,&l'.K' = E GjIG'lk', K' = N + 1,...,N', 

L=l 

hence 

TV 



J,L=1 



The integration constants {Ck'} have to be equal by virtue of the second requirement 
of (pOl) . 

Thus we have shown the uniqueness and linearity of 0^/^. Note now that because 
of Equations HD.2|1 and (|D.1|1 the following holds for every K' = 1, . . . , N': 



N 



J,L=1 

Similarly, one can show that O™^ has to be of the form 

N 



J,L=1 

where K' = 1, . . . , N' . This completes the proof of the theorem. 



E Proof of Lemma 187201 

Before we prove Lemma l3.2Ul let us state and prove 

Lemma E.l Suppose that a tame group L generated by the set (h, . . . ,In) of indepen- 
dent loops is a subgroup of a tame group C generated by the set {I'l, . . . , I'j^,) of indepen- 
dent loops. Then (i) C = C if and only if N' = N and (ii) C is a proper subgroup of C 
if and only if N' > N. 

Proof. Let C and C be the tame groups of hoops occurring in Lemma lE.ll generated 
respectively by sets C = . . . , Ij^i} and C = {li, . . . , Ijy} of independent loops. Ap- 
plying a construction described in [K| we can get a set /C = {ki, . . . , of independent 
loops such that: 
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1. every loop belonging to £' U £ is a composition of loops belonging to /C, 

2. given a loop I ^ C \J C there exists a loop ki G IC such that 

(a) the loop I can be decomposed as / = A;^ o ki^^ ok'2, where k'^, k'2 are loops built 
from the ones in K, except ki. Without loss of generality we will assume that 
the orientation of the loop / is such that I = k[ o ki o k2. 

(b) if the loop I G C (£) then it is the only loop in C (£) in whose decomposition 
the loop ki appears. 

Now, decompose each loop / G £' U £ in terms of the loops {ki, . . . , Thus we 
obtain the following decomposition of hoops: 

n 

(E.l) 

i=l 

where every component of the matrices M' = (Mj/i) and M = (Mji) belongs to Z. 
Clearly, the matrix M' (M) has n columns and A^' (A^) rows. The properties of the 
decomposition of the loops in C {C) in terms of the loops in K, imply that properly 
ordered columns of the matrix compose a unit {N' x A^')-matrix {{N x A^)-matrix) 
This means that the rank of M' (M) is maximal and equal to N' (N). 

Since £ is a subgroup of C there exists a matrix Q = (Qir) of N rows and N' 
columns such that every component of it belongs to Z and 

N' 

li= 11(^1')^"' (E.2) 
i'=i 

Taking into account Equations HE.1|) the above equation can be rewritten as 

n N' n 

i=l V=l i=l 

Because the loops in K, are independent it is possible to find M-connections {^i, . . . , An} 
on E such that the holonomy 

hkA^j) = 5ij. 

Hence the computation of the holonomies of the connections along the loops occurring 
in HE.3|1 give us by virtue of 1)3. 2() 

N' 

Mr = Qii'M'j,i. 
I'=i 
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For the rank of Q cannot be greater than N we have immediately 

N' > N. (E.4) 

Assume now, that C = C Then the transformation ()E.2|) is invertible which means 
that the matrix Q is invertible hence 

N' = N. 

Suppose now that the above equality holds. Then properly chosen columns of the matrix 
M form a unit (N' x A^')-matrix. This means that the corresponding columns of the 
matrix M' constitute the matrix Q^^ whose components belong to Z. Hence 

TV' 

Hiijf ?) = !',, 
1=1 

which means that C = C. Thus we have proved the statement (i) of the lemma. This 
statement together with (|E.4I) imply the statement (ii). ■ 
Now we are able to present 

Proof of Lemma I3.20L Note in the ISQ case Lemma 13.201 follows immediately from 
Lemma IE. II 

Consider now the ESQ case. Let A' = {F' , C) > A = {F,C) and denote 

N' = dimA^, and = dim^^. 

The condition A' > A is equivalent to conditions F' > F and C > C accompanied by 
either 

1. F' ^F and C' / C, 

2. F' ^F and £' = C, 

3. F' = F and C' / C. 

Recall that the requirement of invertibility imposed on the matrix {Gjj) (Equation 
H3.1U() 1 by Definition 13.71 implies that dimF = dim^^. On the other hand dim^^ is 
equal to the number of independent loops generating C. Taking advantage of Lemma 
IE. H and properties of linear spaces we conclude that N' > N if F' ^ F and £' 7^ C, while 
the two remaining cases cannot occur for they lead to contradictions: e.g. \{ F' ^ F 
and C = C then the former condition gives us N' > N, and the latter one — A' = A. ■ 
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F Proof of Lemma 14.21 



Let us fix a surface S and a non-zero function / on it. Then (jisj ^ 0. In order to prove 
Statement 1 of the lemma note that for every A' > A 

II^5,/,aII = ||id0n^,\exp(itrA((^5,/,A))||, (F.l) 

where the equality comes from Equation H4.1U() and the norm on the r.h.s. of the formula 
is the norm on B\i . Recall that Jixi = L^(R^ ,dx), where the isomorphism between 
the Hilbert spaces is given by the map H3.6|) . Using the isomorphism we can convince 
ourselves that the operator on the r.h.s. of HF.1|) corresponds to a translation operators 

% {x G M^'), 

{%i^){x') ■.= i>{x' + x), 

on L'^(M^' ,dx). Consider now two operators 7^ and Tx' such that x ^ x' and a function 
i/j G -L^(M^ , dx) of compact support such that the support is contained in a ball of the 
radius not greater than \ \x — x'\\/2. Then we have 

{{% - TM{% - = 2{ij\^) 

which means that 

\\%-%,\\>2. (F.2) 

Let £ = A be an arbitrary tame hoop group. There exists a loop I such that I ^ C 
and 4>sjhi ^ 0. Let £' = A' > A be a tame group generated by hoops in C and I. 
Taking into account Equation 1)4. 1U() we conclude that the operators j ^ and ^ y 
correspond to, respectively, 7^ and 7^/ such that x ^ x'. Now (|F.2|1 gives us immediately 

In oder words, the net {$5 j;^} is not convergent in the uniform topology on B. 

To prove Statement 2 note that if / a ^^^^ ^ then the evaluation of the 

operator on any state gives 1 as the result. On the other hand, there exists Aq such that 
for every A > Aq the operator f x is not the unit and corresponds to a translation 
operator 7^ on L^(M^, dx) = Hx such that x 7^ 0. Then for p = {px} we have 

where p is a density matrix on L'^(K^,dx) corresponding to px- There exists an or- 
thonormal basis {ipn} of L^(M^,(ix) and real non-negative numbers {pn} such that 



P = Pnli'n) ii'nl and y^Pn = 1- 
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Given n, the Schwarz inequality gives us 

\{lpn\%1pn)\ < \\lpn\\ \\%tpn\\- 

Suppose now that both sides of the above formula are equal. This, however, can happen 
only if T^Vn = ct^Pn- Since 7^ is unitary \a\ has to be equal to 1, which means that 
tpn^n is a periodic function with the period x ^ and thereby tpn cannot belong to 
L^(M^,(ix). By virtue of this contradiction 

\{lpn\%1pn)\ < \\lpn\\ \\%1pn\\ = 1 

and 

n n 

Let finally justify Statement 3. Consider the state p = {px} occurring in Equation 
(|4.13|) . For \ = C, where £ is generated by the independent loops {h, . . . ,In} we have 

{'^sj,x,P) = {expiitTx{hj,x)),px) = 

There exists an uncountable set {/} of loops such that (i) they generate pairwise distinct 
tame groups and (ii) for every loop (psjhi ^ — the last property means that 

, rin ^'^^^ ^- Consequently, there exists a sequence {C{ln)) of pairwise 

distinct groups such that for every n 

Let An = Cn be a tame group generated by the loops {/i, . . . , /„}. Then it follows from 
()F.3|I that for every A > A„ 

l(^5,/,A.P)l<'^"- 

This implies H4.13() immediately. 
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